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This presentation is therefore divided in 4 parts:

) Introduction: motivations, approaches, applications
II) Drinfeld Twist and quantum Lie algebras

lIl) Differential geometry on NC manifolds

V) Riemannian geometry on NC manifolds



Motivations
Classical Mechanics — Quantum Mechanics observables becomes NC.
Classical Gravity — Quantum Gravity spacetime coordinates becomes NC.

-Supported by impossibility to test (with ideal experiments) the structure of
spacetime at infinitesimal distances. One is then lead to relax the usual as-
sumtion of spacetime as a smooth manifold (a continuum of points) and to
conceive a more general structure like a lattice or a noncommutative space-
time that naturally encodes a discretized or cell-like structure.

-In @ noncommutative geometry a dynamical aspect of spacetime is encoded
at a more basic kinematical level.

-It is interesting to formulate a consistent gravity theory on this spacetime. |
see NC gravity as an effective theory. This theory may capture some aspects
of a quantum gravity theory.



NC geometry approaches

e Algebraic: generators and relations. For example

(2%, 37] = i0Y canonical
(7%, 27] = if"), 1 zk Lie algebra
739 — qzizt = 0 quantum plane (1)

Quantum groups and quantum spaces are usually introduced in this way.

e C™-algebra completion; representation as bounded operators on Hilbert space.
Spectral Triples.

e x-product approach, usual space of functions, but we have a bi-differential
operator x, (noncommutative and associative) e.g.,

Z)\eya

(f % h) () = & 2" 5 iy F@h)|,_,

Notice that if we set

0
Fl=e 20 “®8y



then

(fxh)(@) = po FH(f ®h)(x)
where pu is the usual product of functions u(f ® g) = fh.

The element

iyguv 0 o O ' 1
F = e 5 ®ap — 1@1+%/\9Waﬂ®a,,—§x29w/l9%2'/26“1aw@a,,la,,2+. N

is an example of Drinfeld Twist.

In this presentation noncommutative spacetime will be spacetime equipped
with a x-product. We will not discuss when f x g is actually convergent. We will
therefore work in the context of formal deformation quantization (Kontsevich
2003).

Convergence aspects can be studied [Rieffel], [Bieliavsky Gayral].



The method of constructing x-products using Drinfeld twists is not the most
general method, however it is quite powerful, and the class of x-products ob-
tained is quite wide.

Key point:

First deform a group in a quantum group. Then consider commutative algebras
that carry a representation of the intitial group and deform these algebras so
that they carry a representation of the quantum group.

Given a manifold M the group is (a subgroup of) that of Diffeomorphisms; the
algebra is that of functions on M.

-This method allows to deform also the tensor algebra, the exterior algebra
and the differential geometry.

-It fits very well the construction of gravity theories on a noncommutative man-
ifold based on invariance under quantum diffeomeorphisms.

[P.A., Blohmann, Dimitrijevic, Meyer, Schupp, Wess]
[P.A., Dimitrijevic, Meyer, Wess]
[P.A., Castellani]
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The work we present today is a further development of these previous works
on NC gravity. We present the Cartan calculus, the Cartan structure equations
for torsion and curvature, and the Levi-Civita connection in NC Riemannian
geometry.

Physical applications

A noncommutative gravity theory is a modified gravity theory where the mod-
ification comes from an expected feature of spacetime at quantum gravity
regimes. The theory can be coupled to matter.

Applications include quantitative studies in:

- Early universe cosmology near Planck scales. Here inflation, through its pre-
dictions for the primordial perturbations, provides a particularly suitable frame-
work.

- Study of propagation of light in cuved NC spacetime. NC dispersion relations.
Velocity of light depends on its frequency if spacetime is curved: see talk by
Anna Pachol.

Results can be experimentally tested with gamma ray burst data from distant
supernovae, and eventually NC gravity theory coupled to massless fields (light)
could be verified or falsified.



Drinfeld Twist and quantum Lie algebras

Let g be a Lie algebra and Ug its universal enveloping algebra.
Ug is a Hopf algebra. On generators u € g

Aw)=u®l14+1Qu, e(u) =0, S(u) =—u.
Definition [Drinfeld]. A twist F is an invertible element F € Ug ® U g such that
FRI1VAQIA)F =1 F(id® A)F in Ug®Ug®Ug

Example: Let g be the (abelian) Lie algebra of translations 9,, = (%u on R%.
Fo= b0,
1
= 11+ 5/\efwau ® 8, + O(\?)

67 is a constant (antisymmetric) matrix



Definition An algebra A is a (left) Ug-module algebra if it is a U g-module (i.e.
if there is an action of Ug on A) and, forall £ € Ug and a,b € A,

Eg(ab) — ££1 (a)£§2(b) .
Equivalently all uw € g C Ug act as derivations of the algebra:
Ly(ab) = Ly(a)b~+ aly(b) .

Example: 9,, is a derivation of the algebra C>°(R%).

Definition A Ug-module A-bimodule €2 is both a Ug-module and an A-
bimodule in a compatible way, for all £ € Ug, a € A,w € 2,

Le(aw) = Le(a)e, (W), Le(w-a) = Le (W) Le,(a) .
H, # . denotes the category of U g-modules A-bimodules; we write Q € V9.4 4 .

Example: The bimodule Q of forms over R*.



Theorem [Drinfeld]
i) Given a Hopf algebra Uy, i.e., (Ug,u, A, S,e), and atwist F € Ug ® Ug
then we have a new Hopf algebra Ug”:

(Ug”, u, 7,87 ) ; (2)

with triangular R-matrix R = F»1F 1. The new coproduct A’ is, for all
£ € H,

AT (&) =FAa()F L.

ii) Given an H-module algebra A, then we have the H” -module algebra A,
(or Ar) where, setting F~1 =f* ® fq,

axb:= LF(a)LFa(b) .
Notation: we frequently omit writing the action £ and simply write

axb=F%a)Fa®) =poF Haxb).

iii) Given a module Q € V9.4 then we have Q. € UQFA*%A*,
axv=-0F Tp(a®@v)=Fa) Favv),
vixb=-0F 1o (v®@b) ={F>0) (Farb).

iv) The categories V9.4 4 and Y9y .# 4, are equivalent.
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U g acts on itself via the adjoint action
L:UgUg — Ug
ERC — Le(¢) =&(C) i=81¢5(&2)

This action is compatible with the product in Ug, £({v) = £1(¢) €~(), hence,
Ug as an algebra is a U g-module algebra and can be deformed as in ii).
Product in U g«

ExC =T Tal).

As algebras Ug, and Ug” are isomorphic via

D :Uge — Ug” , D(&) :=F4&)TFa

D(§*¢) = D(§)D(C), forallg, ¢ € Ugs

U g, is a triangular Hopf algebra equivalent to Ug” by defining

A,=D oD Hoarr oD
S, = D_l O S}— oD
Ry = (D"t D H(R)
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Corollary Every Ug” -module algebra A, with Ug” -action £ : Ug” @ A — A
is a U g«-module algebra with U gx-action

,C*:,CO(D@’Ld)Ug*@A* — A*
ERa — E’g(a) = ,CD((S)(CL). (3)

Similarly every module Q. € Y94 .# 4, is a module Q, € V9% 4 4.

If Ax = Ugyx, then £* is the U g,-adjoint action: Lg(g) = &1, * ¢ * Sx(&x).



Definition The quantum Lie algebra g« of Ugy is the vecotr space g with the
bracket

[u, v]x = [F™(u), Ta(v)] . (4)

Theorem The quantum Lie algebra g, is the subspace of U g4 of braided prim-
itive elements

Av(u) =u®1+ RYQ L%m(u)
The Lie bracket [, ]« is the Ug.-adjoint action
[u, v]x = w1, *v* Sx(us,) . (5)
Furthermore the Lie bracket [ , ]. satisfies
[u, v]x = —[R*(v), Ra(u)]x  Braided-antisymm. prop.
[u, [v, 2]x]x = [[u, v]x, 2]x + [R¥(V), [Ra(u), 2z]x]x  Braided-Jacoby identity ,
[u, v]lx = u*xv — R¥(v) « Ro(u) . Braided-commutator

g« Is the quantum Lie algebra of the quantum enveloping algebra Ugy In the
terminology of Woronowicz.
[P.A., Dimitrijevic, Meyer, Wess]
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Differential geometry on NC manifolds
Let g be a subalgebra of the Lie algebra = of vector fields on a manifold M.

Atwist F € Ug ® Ug is automatically atwist F €e U= Q U=.

Jr—l
Function algebra A = C*°(M) — Ay =C®(M)y, x=poF !
Tensor algebra (T,®) s T =(T,®y), @x=®o0F 1
Exterior algebra (Q°%, N) — Q= (Q%A4), Ax=AoF 1

Explicitly
axb=T%a)fa(d), T =TT RFa(r), /60 =TO) AT (6.

Bimodule of 1-forms Q2 € U%A//A — Qe Uy,
Bimodule of vector fields = € VS474y — = € U=y 4y,

Remark =, is both the quantum Lie algebra of Ug, and an A.-bimodule.



Nondegenerate x-pairing between the x-bimodules =, and <2,

<, >*: E*XQ* — A*,
(u,w) = (§w = (F(w), Talw)) . (6)
Extends to the x-contraction operator on tensor fields

i = ig (u) o Lg

u —

Theorem (Cartan calculus)
-The exterior derivative d is compatible with the A.-product and gives a x-
differential calculus (€22, d).

-The contraction operator on €23 is a braided derivation:

ix (O A 0) =35(0) A 0 + (—1)"RY(0") As i’lg&(u)(e’)
-We have the braided Cartan calculus equalities

[‘627 ‘CZJ(]* — fu’v]* ) [‘C’Z? 7’;]* — ifu,v]* ) [7’27 7’:())(]* =0 )

[‘C:)L(ud]* =0 ) [’LZ)d]* — LZ 9 [dad]* =0 )

where [A, Blx = Ao B + (—1)49e9(4)ded(B) Ra(B) o R, (A) is the graded
braided commutator of linear maps A, B on 23.
13



Connections
As usual right connection on Vi € 4 .#Z 4 isalinearmap V* : Vi — Vi ®4,
2., satisfying the right Leibniz rule, for all v € Vi and a € A,

Vi (vxa) = (Vv)*xa+vR®4, da.

Theorem (not necessarily equivariant connections)
ItV € Y9y, then Vi € V9% 4, and the isomorphism D : Ug” —
U g« can be lifted to Vi so that there is a 1-1 correspondence between right
connections on V and on V.

[P.A., Schenkel]

The connection on V, extends to a connection on form valued sections:
dy : Vi ® Q5 — Vi ® Q23

VR0 = V() Ak 0 + v @« db

Curvature Ry« := dy« o dy~ is a right Ax-linear map.



Theorem Since V is a commutative A-bimodule the right connection ¥V on Vj
IS also a braided left connection:

V(axw) = R a) * Ra(V*)(w) + R*(w) ®x Rao(da) . (7)
RmKk. If V is U g«-equivariant we recover the notion of A-bimodule connection:
V(iaxw) = a*xV(w) + Ro(w) @x R¥(da) .

[Mourad], [Dubois-Violette Masson]

In particular, for V' = €2, a right connection V : 2 — Q2 ® €2 is deformed to a
NC right connection

V5 Qu — Q% Qi Q%
that is then uniquely extended to
dv* . Q*®Q;—>Q*®*Q;

Next we introduce the connection on vector fields =, considering vector fields
dual to 1-forms 2, via the pairing { , )+ and therefore inducing on this dual
bimodule the dual connection:

*Vv,w)s = d{v,w)x — (v, VW)«



This is a left-connection
Vi iZh =2 % ®—*=« , “V(av) =da Qv+ a*V(v)
It is easily lifted to a connection
dig 2 Rx Zo — Q28 Q =
that satisfies the Leibnitz rule

drg (0 Ax ) = dO Axtp + (=1)I10 A degyp |

with ¢ = 1 ®« v (vector field valued in the exterior algebra).
From now on, for ease of notation the index x is omitted but on the connections

Define covariant derivative along a vector field

d*vu = ’iud*v —|— d*viu

then we have the Cartan relation:

ludry, — d*vaviau = i[u,'v]



The definitions of curvatures on the module = and the dual module |Omega
are related by Theorem

(dZ 2,0) = —(z,d2,6)

Moreover, define as in [PA., Dimitrijevic, Meyer, Wess]
R(u,v,2) := "V *Vyz — *VRQ(U) *VRa(u)z — *V[u’v]z
then
R(u,v,z2) = —z’uivdfvz . (R(u,,2),0) = (u®v® z, dé*m

This last equality is Cartan second structure equation in coordinate free nota-
tion.
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Torsion

Let I € 2 ® = be the canonical form such that i, (1) = .

Locally in a basis I = 6* ® e;, with (e;, 67) = 55
Define T'(u,v) :=* Vyv — *VRQ(U)RQ(U) — [u, V]
Theorem

T(u,v) = —iyipdey ]

In a basis V*6* = 6J @ wji, then *Ve; = —wij ® e;

dZ,.0" = 0% @ % with

Q! = dwp! — w0, ™ A wi!

dryl = d*v(ei Re;) = (d@z — 67 A UJJZ) X €;
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Propedeutical to the study of Levi-Civita connections is the study of
Tensor product structure

f V,W € U9 then V @ W € U by defining, for all ¢ € Ug, v € V and
we W,

E(v@w) = &1 (v) ®&(w),
PRQ ~  —~

Given linear maps V Lo vVandw & W,then VW =¥ VWis
defined by

(PRQ)(v@w) = P)Q(w)
we have £ » (PR Q) #= (&1 » P) ® (&5 » Q) in general.

16



The tensor product compatible with the Ug-action is given by Definition of
®OR [Majid 94]

(id®rQ) =TRo (Q®id) oty ;

where

TRwy WV VW, wvw—mpyy(wewv) = RY(v) ® Ra(w) ,

is the braiding isomorphism and where we used the notation R~ = R*®QR,.

Proposition ® 5, is associative and compatible with the U g-action.
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Sum of connections (Connections on tensor product modules)
letV: Vs VQandV: W - W QRN

VORrYV VAW VA We4R,
defined by: V@r V=V ®id+ id @ V.

Associativity: <V DR ?) OrV =V & <? DR W) :

U g-action compatibility: £ » (V&R V) = (E» V) Dr (E» V).
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*-Riemaniann geometry

*-symmetric elements:

w % w + RY(wW) @% Ra(w) .

Any symmetric tensor in 2 ® €2 is also a x-symmetric tensor in 2, ®, $2., proof: expansion
of above formula gives T “(w) @ T o (W) + fo(wW') @ T (w).

Requiring the right connection V* to vanish on the metric, we obtain, simi-
larly to the classical case, a condition for the torsion free left connection *V
on vector fields. Considering the ciclically permuted equations, adding and
subtracting we obtain the Levi-Civita connection *V .

2<av X *Vauzag> — £’Z</U X% Zag>*_£§v<0‘u X zag>*+£’25 <04u X ,Bvag>*

+<[’U,, ’U]* X* 2, g>* + <’U, Q% [U7 Z]*, g>* + <[’U,, 6'2]* Xx B, g>*

were “v = R%(v) and qu := Rq(u). Now, since u,v, z are arbitrary, the
pairing is nondegenerate and the metric is also nondegenerate, knowledge of
the l.h.s. uniquely defines the connection.

This result generalizes to any Drinfeld twist previous ones found for abelian
Drinfeld twist NC geometry.
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