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Undeformed Heisenberg algebra and action .

Commutative coordinates xµ and momenta pµ generate

undeformed Heisenberg algebra H(x, p):

[xµ, xν ] = 0

[xµ, pν ] = iηµν

[pµ, pν ] = 0

Action . : H⊗A → A:

xµ . f(x) = xµf(x)

pµ . f(x) = [pµ, f(x)] = i
∂f(x)

∂pµ
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Deformed Heisenberg algebra

xµ → x̂µ
Realization:

x̂µ = xαϕ
α
µ(p) + χµ(p)

Coordinates x̂µ and momenta pµ generate deformed Heisenberg

algebra Ĥ(x̂, p):

[x̂µ, x̂ν ] = ixβ

(
ϕαµ

∂ϕβν
∂pα

− ϕαν
∂ϕβµ
∂pα

)
+ i

(
ϕαµ

χν
∂pα
− ϕαν

χµ
∂pα

)
[x̂µ, pν ] = iϕνµ

[pµ, pν ] = 0

where xµ = (x̂α − χα)(ϕ−1)αν
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General vector-like deformations

The most general (NC) coordinates realized with vector

uµ ∈M1,n−1, u
2 ∈ {−1, 0, 1} κ-Minkowski space:

x̂µ = xµf1 +
1

M
uµ(x · p)f2 +

1

M
uµ(u · x)(u · p)f3 +

1

M
(u · x)pµf4

+
1

M2
(x · p)pµf5 +

1

M2
uµ(u · x)p2f6

+
1

M
uµf7 +

1

M2
pµf8

where f1,...,8 are functions of A ≡ u · p/M and B ≡ p2/M2.
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General vector-like deformations

Commutator of coordinates:

[x̂µ, x̂ν ] = i(uµx̂ν − uν x̂µ)
1

M
F1 + i(x̂µpν − x̂νpµ)

1

M2
F2

+ i(u · x̂)(uµpν − uνpµ)
1

M2
F3 + i(x̂ · p)(uµpν − uνpµ)

1

M3

+ i(uµpν − uνpµ)
1

M3
F5

where F1,...,5 are expressed in terms of f1,...,8 and their derivatives.

Includes: commutative space, κ-Minkowski, Snyder,

generalizations of Snyder (e.g. κ-Snyder)...
Does not include: Moyal space, quadratic deformations...
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Linear realizations

Linear realizations in pµ and vector uµ, with χµ = 0:

x̂µ = xµ +
c1
M
xµ(u · p) +

c2
M
uµ(x · p)

+
c3
M
uµ(u · x)(u · p) +

c4
M

(u · x)pµ

= xµ +Kβµαx
αpβ

The twist F−1 is given by:

F−1 = eip
W
α ⊗(x̂α−xα)

where pWµ is a function of momenta pµ and vector uµ with property

(pWµ − kµ)eik·x̂ . 1 = 0, ∀kµ ∈M1,n−1

Realization from the twist

x̂µ = m
[
F−1(.⊗ 1)(xµ ⊗ 1)

]
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Hopf algebra

Coproduct of momenta ∆pµ:

∆pµ = F−1∆0pµF = pµ ⊗ 1 + (e−K)αµ ⊗ pα

where ∆0pµ = pµ ⊗ 1 + 1⊗ pµ and Kµν = −Kµαν(pW )α

Antipode:

S(pµ) = −(eK)αµp
α

Counit is trivial:

ε(pµ) = 0
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Star product and deformed addition of momenta

Star product from the twist:

(f ? g)(x) = m
[
F−1(.⊗ .)(f ⊗ g)

]
Deformed addition of momenta

eik·x ? eiq·x = eiD(k,q)·x, kµ, qµ ∈M1,n−1

(k ⊕ q)µ = Dµ(k, q)

∆pµ = Dµ(p⊗ 1, 1⊗ p)

[x̂µ, x̂ν ] closed in x̂λ → star product is associative and coproduct is

coassociative.
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General Lorentz transformations

Generally, Lorentz generators Mµν are de�ned by

Mµν = XµPν −XνPµ

where Xµ and Pµ generate Heisenberg algebra H(X,P ):

[Xµ, Xν ] = 0

[Xµ, Pν ] = iηµν

[Pµ, Pν ] = 0

Generators Xµ and Pµ are related to xµ and pµ by similarity

transformations.
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Similarity transformations

Similarity transformations

Pµ = Σµ(p)

Xµ = xαψ
α
µ(p)

where functions Σµ(p) and ψµν(p) satisfy:

∂Σµ(p)

∂pα
ψαν = ηµν

Generators Xµ and Pµ transform vector-like under Mµν :

[Mµν , Xλ] = i(Xµηνλ −Xνηµλ)

[Mµν , Pλ] = i(Pµηνλ − Pνηµλ)
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Coproduct of Lorentz generators

In terms of xµ and pµ, Lorentz generators Mµν are given by:

Mµν = xα
(
ψαµ(p)Σν(p)− ψαν(p)Σµ(p)

)
Coproduct ∆Mµν is given by

∆Mµν = F−1∆0MµνF

where ∆0Mµν is undeformed coproduct.

However, ∆0Mµν 6= Mµν ⊗ 1 + 1⊗Mµν since

Mµν 6= xµpν − xνpµ.
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Lorentz transformations of momenta

Lorentz transformations with respect to M01 acting on momenta

Pµ are simply given by

P ′0 = P0 cosh ξ + P1 sinh ξ

P ′1 = P0 sinh ξ + P1 cosh ξ

where ξ is the rapidity.

Obtainig boost transformations on pµ:

I Express pµ = Σ−1µ (P )

I Perform boost transformations p′µ = Σ−1µ (P ′)

I Express P ′µ in terms of Pµ and then Pµ in terms of pµ
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Introducing backreaction

pµ transforms pµ → p′µ = Λµ(ξ, p)
However, generally

Λµ(ξ, k⊕q) = Λµ(ξ,D(k, q)) 6= Dµ(Λ(ξ, k),Λ(ξ, q)) = [Λ(ξ, k)⊕Λ(ξ, q)]µ

The backreaction on ξ has to be introduced:

Λµ(ξ, k ⊕ q) = [Λ(ξ1, k)⊕ Λ(ξ2, q)]µ

where ξ1 = ξ / q and ξ2 = ξ / k.
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Perturbative results

Up to the �rst order in 1/M :

[x̂µ, x̂ν ] = i(aµx̂ν − aν x̂µ) +O
(

1

M2

)
where aµ = c1−c2

M uµ.
Deformed addition of momenta:

(k ⊕ q)µ = kµ + qµ + c1kµ(u · q) + c2(u · k)qµ

+ c3uµ(u · k)(u · q) + c4uµ(k · q)
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Perturbative results

Lorentz generators are Mµν = XµPν −XνPµ where

Pµ = pµ + d1 + (u · p)pµd2uµp2 + d3(u · p)2uµ
Xµ = xµ − d1xµ(u · p)− d1uµ(u · x)(u · p)− 2d2(u · x)pµ

Therefore, in terms of xµ and pµ:

Mµν = (xµpν − xνpµ)− (uµxν − uνxµ)[d2p
2 + d3(u · p)2]

− [d1(x · p) + 2d3(u · x)(u · p)](uµpν − uνpµ)

Generally, coe�cients c1,...4 and d1,2,3 are independent.
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κ-Poincaré

For κ-Poincaré (Hopf) algebra, it holds:

[Pµ, x̂ν ] = −i[ηµν(1 + a · P )− aµPν ] +O
(

1

M2

)
which gives:

d1 = −c2, d2 = −c1 − c2 + c4
2

, d3 = −c3
2

Commutator of Lorentz generators with NC coordinates is:

[Mµν , x̂λ] = x̂µηνλ − x̂νηµλ + aµMνλ − aνMµλ
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κ-Poincaré Hopf algebra structure

Coproducts:

∆Pµ = ∆0Pµ + Pµ ⊗ a · P + aµPα ⊗ Pα

∆Mµν = ∆0Mµν + (δαµaν − δαν aµ)

Antipodes:

S(Pµ) = −Pµ + (a · P )Pµ − aµP 2

S(Mµν) = −Mµν − Pα(aµMνα − aνMµα)
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Perturbative results for the backreaction factors

Backreaction factors in �rst order of rapidity and deformation in

1+1 dimensions:

ξ1 = ξ

(
1− c2 + d1

M
u · q

)
ξ2 = ξ

(
1− c1 + d1

M
u · k

)

For κ-Poincaré, this simpli�es to:

ξ1 = ξ

ξ2 = ξ

(
1− c1 − c2

M
u · k

)
= ξ(1− a · k)
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Conclusion

I Realizations of (non-)commutative coordinates, that can be

constructed with vector uµ ∈M1,n−1 and deformation

parameter 1/M , cover a wide class of spaces.

I In Lorentz transformations of deformed addition of momenta,

the backreation has to be taken into account.

I Backreaction factors are calculated in 1+1 dimensions in the

�rst order of deformation and rapidity.
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Thank you for

attention!
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