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Compilation of critical points
[M. Stephanov, PoSLAT (2006)]
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= first-order boundary must end somewhere — CP

v

Weakest point in this chain of arguments: models

v

Models should not be trusted quantitatively,
but they can give important qualitative hints.

Observation:
Several models which predict the existence of a first-order transition and,
hence, a CP, also predict this existence of a non-uniform phase, if looked for.
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NJL model [p. Nickel, PRD (2009)]
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» Inhomogeneous phase covers 1st-order phase boundary completely
» Critical point — Lifshitz point
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» Standard argument for the possible existence of the chiral critical point:
» Lattice QCD: crossoverat u =0
» Models suggest first-order phase transition at low T
= first-order boundary must end somewhere — CP

» Weakest point in this chain of arguments: models

» Models should not be trusted quantitatively,
but they can give important qualitative hints.

» Observation:
Several models which predict the existence of a first-order transition and,
hence, a CP, also predict this existence of a non-uniform phase, if looked for.

— To what extent is this a generic feature?
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» This talk: chiral limit = m=0
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» This talk: chiral limit = m=0

» Thermodynamic potential:

T _ _
AT, =~ In / DIDY exp ( / L m/w%))
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> Lagrangian: £ = (i — m)ip + Gs [(99)? + (PinsT))?]

» This talk: chiral limit = m=0

v

Thermodynamic potential:

T _ _
AT, =~ In / DIDY exp < / L um‘)w))

Bosonize: o (x) = Y(x)i(x), T(X) = D(x)iysTrh(X)

= L= (i9+2CGs(o +irs7 7)) ¥ — Gs (0% +72)
Mean-field approximation:

o(x) = (o(x)) = S(X), ma(x) = (ma(X)) = P(X) 0as

» S(X), P(X) time independent classical fields

v

v

» Retain space dependence !
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» Mean-field Lagrangian:
Lur = 9(x) ST (x) P(x) — Gs [S*(X) + P*(X)]

> inverse dressed propagator: S'(x) = i@+ 2Gs (S(X) + ivsT3P(X))
» bilinearinyand? = quark fields can be integrated out!
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» Mean-field Lagrangian:
Lur = 9(x) ST (x) P(x) — Gs [S*(X) + P*(X)]

> inverse dressed propagator: S'(x) = i@+ 2Gs (S(X) + ivsT3P(X))
» bilinearinyand? = quark fields can be integrated out!

» Thermodynamic potential: Qura = Qg + Qcona

> Qeond = f d®x (S3(X)+ P?(X)) straightforward

> Qq=—1LTrLlog [ (S7'[S, P+ u°)] difficult

» no general solution for arbitrary S(x), P(X)
» tractable for certain ansatze
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» Constituent mass functions: M(X) = —2Gs (S(X) + iP(X))
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» Constituent mass functions: M(X) = —2Gs (S(X) + iP(X))

» Modulations with analytical solutions:

» homogeneous matter: M = const.
» chiral density wave (CDW): M(z) = Ae™ :
» real kink crystal (RKC):  M(z) = v/vA sn(Az|v) R e R
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» Constituent mass functions: M(X) = —2Gs (S(X) + iP(X))

» Modulations with analytical solutions:
» homogeneous matter: M = const.
» chiral density wave (CDW):  M(z) = Ae®
» real kink crystal (RKC):  M(z) = /vA sn(Az|v)

» Ansatze which have been treated numerically:
» 1dcosine: M= AcosQz
» 2d square lattice:  M(x, y) = M cos(Qx) cos(Qy)

» hexagon:
M(x,y) =¥ [2 cos (Qx) cos (% Qy) + cos(%@y)]

0
20
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» Comparison of the free energies (T = 0):
[S. Carignano, MB, PRD (2012)]
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> v >0 = restored phase (M = 0)
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» Critical point: 2 = y42=0
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» Expansion of the thermodynamic potential:

QM) = Q(0) + 3 [ &®x {172l MF) 2 + 17aal MR + 114l VMR + .. }

> v >0 = restored phase (M = 0)
> 12 <0 = homogeneous broken phase (M = const. # 0)
> vap < 0 = inhomogeneous phase

» Critical point: 2 = y42=0
» Lifshitz point: 2 = 45 =0
» Decomposition: ~; = a; +
1
@61'2
> Qq — Bi, evaluated in the restored phase
= no assumption about the modulation needed!

> Qoong — =
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» Expansion of the thermodynamic potential:

QM) = Q(0) + 3 [ &®x {172l MF) 2 + 17aal MR + 114l VMR + .. }

> v >0 = restored phase (M = 0)
> 12 <0 = homogeneous broken phase (M = const. # 0)
> vap < 0 = inhomogeneous phase

» Critical point: 2 = y42=0
» Lifshitz point: 2 = 45 =0
» Decomposition: ~; = a; +
1
@61'2
> Qq — Bi, evaluated in the restored phase
= no assumption about the modulation needed!

> Qoong — =

> Striking result: f44=Bap = Yaa="Yap = CP =LP! [D Nickel, PRL (2009)]
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NJL model [p. Nickel, PRD (2009)]
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How generic is this result? ECHNISCHE
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» Holds in standard NJL model in mean-field approximation, independently of

» the form of the modulations

» model parameters (Gs, N\)

» Can be different
» for model extensions
» beyond mean field

» in other models or QCD
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Including vector interactions
[S. Carignano, D. Nickel, MB, PRD (2010)]
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Including vector interactions
[S. Carignano, D. Nickel, MB, PRD (2010)]
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» Additional vector term:

» Homogeneous phases:
CP strongly Gy-dependent
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Including vector interactions
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Including vector interactions
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[S. Carignano, D. Nickel, MB, PRD (2010)] DAVERSITAT
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NJL vs. PNJL
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[S. Carignano, D. Nickel, MB, PRD (2010)]

» Including Polyakov-loop dynamics:

» suppression of thermal effects
— phase diagram stretched in T direction

» no obvious qualitative change
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NJL vs. PNJL
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» Including Polyakov-loop dynamics:

» suppression of thermal effects
— phase diagram stretched in T direction

» no obvious qualitative change
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[S. Carignano, D. Nickel, MB, PRD (2010)]

» Ginzburg-Landau: CP outside of the inhomogeneous region!
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Quark-meson model
[S. Carignano, MB, B.-J. Schaefer, PRD (2014)]
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» motivation: renormalizable — get rid of cutoff artifacts

» long-term goal: Study role of fluctuations beyond mean field (FRG)
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» motivation: renormalizable — get rid of cutoff artifacts
» long-term goal: Study role of fluctuations beyond mean field (FRG)
» Lagrangian: Lqom = Lmes + Lg
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Quark-meson model
[S. Carignano, MB, B.-J. Schaefer, PRD (2014)]
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v

motivation: renormalizable — get rid of cutoff artifacts

» long-term goal: Study role of fluctuations beyond mean field (FRG)

v

Lagrangian: Laom = Lmes + Lq

> Loes = 3 (08,0010 + 9,70"%) — U(0,7), U0, @) =2 (02 +72 — v3)°

b

> Lg=q(i)—glo+ivs7 7)) q

Mean-field approximation: o, @ = classical fields, in general X dependent !

v

v

Thermodynamic potential: Quea = Qmes + (g

> Qs = & [ ox (; ((%)2 + (%’)2) + Ulo, 7?)) straightforward
4

> Qq=—1TrLog [+ (ip— g (o +i®7 &) +uy°)] difficult

equivalent to NJL — use same techniques
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> Result:
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0
» p(E;o,7) : density of states,

analytically known for CDW and RKC modulations
(+ homogeneous matter)
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» p(E;o,7) : density of states,
analytically known for CDW and RKC modulations
(+ homogeneous matter)

» standard mean-field approximation (sMFA):
neglect the divergent vacuum contribution (“Dirac sea”) ~ E

» standard procedure for a long time
» artifacts for the phase diagram [Skokov et al., PRD (2010)]

May 31, 2016 | Michael Buballa | 18



1
Standard and extended MFA

TECHNISCHE
UNIVERSITAT
DARMSTADT

» Result:

Qq = *?dEP(E;U,ﬁ){E+ Tlog {1 +e*5%“} + Tlog {1 +e*E+T”} }
0

» p(E;o,7) : density of states,
analytically known for CDW and RKC modulations
(+ homogeneous matter)

» standard mean-field approximation (sMFA):
neglect the divergent vacuum contribution (“Dirac sea”) ~ E

» standard procedure for a long time
» artifacts for the phase diagram [Skokov et al., PRD (2010)]

» extended mean-field approximation (eMFA): include the Dirac sea
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» Fit g, A, and v to three vacuum “observables” : M, = g{o), m,, f;
2%U
» sMFA: m? = 52 oy = =m tree> fr = (o)
(Goldberger-Treiman: Mz = g« )
» Including the Dirac sea (usual identification):
20 _
m:‘; = 902! oe(o) =0 = mi,curv’ fr = <U>
» Correct procedure
meson propagator with loop corrections: - - * O*O@ """ B
2\ _ _ Z P
D](q) = - m]2[,ee+g M@e — ¢ mQIpole'He + reg.terms, j=o,7
— m, = ma,poles fﬂ' = ;/,T‘f; = \/127<0->
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» “Hands-on renormalization”:
» Introduce regularization for the loop integrals (here: Pauli-Villars).
» Increase cutoff A , keeping Mz, m,, and f; fixed.
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» “Hands-on renormalization”:
» Introduce regularization for the loop integrals (here: Pauli-Villars).
» Increase cutoff A , keeping Mz, m,, and f; fixed.

» parameters for My, = 300 MeV, £, =88 MeV, m, = 600 MeV:

1 . 200 -
75 150 20000
50, : 100 0
25 50 -20000
> 0 + < 0 2 .
: ; L-40000
25 : 50
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: 150 ; ~80000
1 2 — T " _
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A (MeV) N (MeV) A (MeV)
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Phase diagram for homogeneous matter

TECHNISCHE
UNIVERSITAT
DARMSTADT

180

150 === i

120

%
s 90 1
= 03 1000
60 | PV 1000 ]
032000 ——
| PV 2000 —--- -
30 ' 035000 A\
JLPVS00
0 50 100 150 200 250 300 350

u (MeV)

» Convergence reached at A =~ 2 GeV.
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» CDW: ¢(z) =fcosqz, m3(z)=fsingz
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» inhomogeneous island gets smaller but survives.
» LP=CP
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» as before:
QM) = Q(0) + & [ &Px {372MR)2 + $7aal MZ)* + 10| VMF)Z + .. }

» CP: 72:74,a=0
> LP: 72=’Y4,b=0
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» as before:
QM) = Q(0) + 3 [ x {172IMEF)[? + 3722l ME)* + 27a | VMEF)Z + .. }
» CP: 72=7a=0
» LP: y2 =95 =0
» decomposition: i = a;j + §;
» Q; — pi, identical with the NJL coefficients

AP A 2
> Qmes — Q2 =—"5, Q4a= 7, QUb= 7,

£ (.m
= Yaa— Vab =25 (4M2 - 1)

vac
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» as before:
QM) = Q(0) + 3 [ x {172IMEF)[? + 3722l ME)* + 27a | VMEF)Z + .. }
» CP: 72=7a=0
» LP: y2 =95 =0
» decomposition: i = a;j + §;
» Q; — pi, identical with the NJL coefficients

AP A 2
> Qmes — Q2 =—"5, Q4a= 7, QUb= 7,

2 m?
= Yaa— Vab =25 (4,\/,‘3’60 - 1)
» interesting result:
Ya.a="Yap & CP=LP if m, =2M, (asalwaysin NJL!),

but in general CP and LP do not coincide.
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» GL results and phase diagrams for m, = 550, 590, 610, 650 MeV:
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» Size of the inhomogeneous phase very sensitive to m,,!
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v

First-order chiral phase transition or inhomogeneous phase?

v

NJL model: inhomogeneous phase rather robust
» standard NJL: CP — LP
» vector interactions: CP covered by inhomogeneous phase
» PNJL: CP slightly outside inhomogeneous phase

v

QM model: size of inhomogeneous phase very sensitive to m, /myac
— Fit to more physical observables?
QCD?
— Ginzburg-Landau for DSE calculations?
difficulty: effective action not just a functional of the chiral condensate

v

Role of fluctuations?
» 1d modulations thermally unstable
[Baym, Friman, Grinstein, NPB (1982); Lee et al., PRD (2015), Hidaka et al. PRD (2015)]
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NJL model: inhomogeneous phase rather robust
» standard NJL: CP — LP
» vector interactions: CP covered by inhomogeneous phase
» PNJL: CP slightly outside inhomogeneous phase

v

QM model: size of inhomogeneous phase very sensitive to m, /myac
— Fit to more physical observables?
QCD?
— Ginzburg-Landau for DSE calculations?
difficulty: effective action not just a functional of the chiral condensate

v

Role of fluctuations?
» 1d modulations thermally unstable
[Baym, Friman, Grinstein, NPB (1982); Lee et al., PRD (2015), Hidaka et al. PRD (2015)]
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» “Correct”: f, = &—zlﬂ My = Mg pole wrong:” fr = (o), My = My cury

» Parameters: completely different

» Homogeneous phase diagram: identical for m, = 2M [w. Elkamhawy, BSc thesis]
(moderate differences for m, #2M)
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» “Correct”: f, = &—zlﬂ My = Mg pole wrong:” fr = (o), My = My cury

» Parameters: completely different

» Homogeneous phase diagram: identical for m, = 2M [w. Elkamhawy, BSc thesis]
(moderate differences for m, #2M)

» Inhomogeneous phase diagram: A =200 MeV

“correct”

160 160 T
140 140 1
120 120 b
%\ 100 % 100 b
= 80 =3 80 B
= 60 [ 60 b
40 40 1
20 20 b

0 0 L
100 150 200 250 300 350 400 450 100 150 200 250 300 350 400 450

H (MeV) 4 (MeV)

May 31, 2016 | Michael Buballa | 28



1
Different parameter fixing

TECHNISCHE
UNIVERSITAT
DARMSTADT
“ ”. o , Rl
» “Correct”: f, = &—zlﬂ My = Mg pole wrong:” fr = (o), My = My cury

» Parameters: completely different

» Homogeneous phase diagram: identical for m, = 2M [w. Elkamhawy, BSc thesis]
(moderate differences for m, #2M)

» Inhomogeneous phase diagram: A = 300 MeV

“correct”
160 T T T T T T 160 T T
140 1 140
120 b 120
%\ 100 b %\ 100
= 80 b =3 80
= 60 b [ 60
40 1 40
20 b 20
o e ‘ o R
100 150 200 250 300 350 400 450 100 150 200 250 300 350 400 450
4 (MeV) 4 (MeV)

May 31, 2016 | Michael Buballa | 28



1
Different parameter fixing

TECHNISCHE
UNIVERSITAT
DARMSTADT
“ ”. [ €, R
» “Correct”: f; = —f/zlﬂ My = Mg pole wrong:” fr = (o), My = My curv

» Parameters: completely different

» Homogeneous phase diagram: identical for m, = 2M [w. Elkamhawy, BSc thesis]
(moderate differences for m, #2M)

» Inhomogeneous phase diagram: A =400 MeV
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» “Correct”: f; = —f/zlﬂ My = Mg pole wrong:” fr = (o), My = My curv

» Parameters: completely different

» Homogeneous phase diagram: identical for m, = 2M [w. Elkamhawy, BSc thesis]
(moderate differences for m, #2M)

» Inhomogeneous phase diagram:  qualitatively different!
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