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Aims

Review part

Brief review of superfield models

Brief review of Sohnius, Stelle, West approach to N = 4 SYM theory

Basic part

Developing the superfield formulation for N = 4 SYM theory with central
charge in terms of N = 4 superfields
Component formulation of N = 4 SYM theory with central charge has been
given by Sohnius, Stelle and West, 1980.

Formulation of USp(4) central charge harmonic superspace and construction
of superfield action

Based on I.L.B, N.G. Pletnev, Nucl.Phys. B877, 936, 2013
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Plan

Review part

What is a supersymmetry

What are the superspace and superfields

Component and superfield formulation of supersymmetric field models

Example: N = 1 supersymmetric field models

Advantages of superfield formulation in quantum field theory

Conventional N = 4 SYM theory

Sohnius, Stelle, West (SSW) formulation
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Plan

Basic part

USp(4),N = 4 superspace

Gauge theory in USp(4),N = 4 superspace

N = 4 central charge harmonic superspace

Gauge theory in N = 4 central charge harmonic superspace

Superfield action and its component form

Summary
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What is a supersymmetry

Supersymmetry in physics means a hypothetical symmetry of Nature relating
the bosons and fermions. In its essence, the supersymmetry is an extension of
special relativity symmetry. One can say, the supersymmetry is a special
relativity symmetry extended by the symmetry between bosons and fermions

From mathematical point of view the relativistic symmetry is expressed in
terms of Poincare group with the generators Pm and Jmn satisfying the
known commutation relations

[Pr, Ps] = 0,

[Jrs, Pm] = i(ηrmPs − ηsmPr),
[Jmn, Jrs] = i(ηmrJns − ηmsJnr + ηnsJmr − ηnrJms) (1)

ηmn is the Minkowski metric with the signature (−,+,+,+).

I.L. Buchbinder (Tomsk) TOWARDS HARMONIC SUPERFIELD FORMULATION OF N = 4 SYM THEORY WITH GAUGED CENTRAL CHARGETomsk, 2014 5 / 39



What is a supersymmetry

Extension of special relativity means extension of the Poincare group by the
generators (supercharges) Qiα, Q̄iα̇, i = 1, 2, ...,N
The relations among the supercharges (Poincare superalgebra) are given in
terms of anticommutators

{Qiα, Qjβ} = εαβZ
ij

{Q̄iα̇, Q̄jβ̇} = εα̇β̇Z̄ij

{Qiα, Q̄jα̇} = 2δijσ
m
αα̇Pm (2)

Zij , Z̄ij are the central charges; εαβ , εα̇β̇ are the invariant tensors of the
SL(2|C) group, σm = (σ0, σi).

Supersymmetric field model means a field model invariant under the above
superalgebra. Since the supercharges are the spin s = 1

2 spinors under the
Lorentz groups one can expect that any supersymmetric field model must
contain both bosonic and fermionic fields
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Superspace and superfields

Minkowski space coordinates xm have the same tensor structure as the
generators of space-time translations Pm. Analogously ones introduce the
additional spinor coordinates θiα and θ̄iα̇ associated with the supercharges
Qiα and Q̄iα̇. The additional coordinates have the fermionic structure as well
as the supercharges and anticommute among themselves.

Manifold parametrized by the commuting (bosonic) coordinates xm and the
anticommuting (fermionic) coordinates θiα, θ̄iα̇ is called superspace

Function defined on superspace is called superfield

Since the fermionic coordinates are anticommuting, any superfield is no more
then polinomial in these coordinates. The coefficients of such a polinomial
are the standard bosonic and fermionic fields on Minkowski space. All these
coefficients are called the component fields of the superfield.

Ones define the supersymmetry transformations (supertranslations):
θiα → θiα + εiα, θ̄iα̇ → θ̄iα̇ + ε̄iα̇, xm → xm + δxm. The εiα and ε̄iα̇ are the
anticommuting transformation parameters, δxm are expressed in special form
through the fermionic coordinates and the anticommuting parameters. The
supertranslations define the supersymmetry transformations of the
component fields.
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Superspace and superfields

Terminology

Let F (x, θ, θ̄) is a some superfield and (b, f) is a set of its bosonic and
fermionic component fields.

Supersymmetry transformations have the following general structure

b′ = b+ δb, δb ∼ f

f ′ = f + δf, δf ∼ b.

If a supersymmetric field model is formulated in terms of component fields
(b, f) ones get a component formulation.

δS[b, f ] = 0

If the same field model is formulated in terms of superfield F (x, θ, θ̄) ones
get a superfield formulation.
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Example: N = 1 supersymmetric field models

N = 1 superspace: coordinates (xm, θα, θ̄α̇).

Chiral scalar superfield Φ(x, θ, θ̄) = ei(θσ
mθ̄)∂mΦ(x, θ). Component content

Φ(x, θ) = A(x) + θαψα(x) + F (x)θ2

Antichiral scalar superfield Φ̄(x, θ, θ̄) = e−i(θσ
mθ̄)∂mΦ̄(x, θ̄). Component

content Ā(x, θ̄) = Ā(x) + θ̄α̇ψ̄
α̇(x) + F̄ (x)θ̄2

Superfield model (Wess-Zumino model)

S[Φ, Φ̄] =

∫
d4xd2θd2θ̄Φ̄(x, θ, θ̄)Φ(x, θ, θ̄) + (

∫
d4xd2θV (Φ) + c.c.)

V (Φ) = m
2 Φ2 + λ

3!Φ
3.

Manifest supersymmetry.

Component form of Wess-Zumino model

S =

∫
d4x(−∂mĀ∂mA−

i

2
ψασmαα̇∂mψ̄

α̇ + F̄F + F (mA+
λ

2
A2)+

+F̄ (mĀ+
λ

2
Ā2)− 1

4
(m+ λA)ψαψα −

1

4
(m+ λĀ)ψ̄α̇ψ̄

α̇)

Non-manifest supersymmetry.

I.L. Buchbinder (Tomsk) TOWARDS HARMONIC SUPERFIELD FORMULATION OF N = 4 SYM THEORY WITH GAUGED CENTRAL CHARGETomsk, 2014 9 / 39



Example: N = 1 supersymmetric field models

Real scalar superfield V (x, θ, θ̄). Component content
V (x, θ, θ̄) = A(x) + θαψα(x) + θ̄α̇ψ̄

α̇(x) + θ2F (x) + θ̄2F̄ (x) +
(θσmθ̄)Am(x) + θ̄2θαλα(x) + θ2θ̄α̇λ̄

α̇(x) + θ2θ̄2D(x)

Superfield model (N = 1 supersymmetric Yang-Mills theory)

SSYM [V ] =
1

2g2

∫
d4xd2θtr(WαWα)

Superfield V takes the values in Lie algebra of gauge group,
Wα = − 1

8D̄
2(e−2VDαe

2V ), D2 = DαDα, Dα = ∂α + i(σm)αα̇θ̄
α̇∂m.

Manifest supersymmetry.

Component form of supersymmetric Yang-Mills theory

SSYM =
1

g2

∫
d4xtr(−1

4
GmnGmn − iλασmαα̇∇mλ̄α̇ + 2D2)

Non-manifest supersymmetry.
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Advantages of superfield formulation

The SUSY models can be formulated in terms of bosonic and fermionic
component fields. Supersymmetry is hidden. It is not very convenient in
quantum field theory: very many Feynman diagrams, miraculous cancelations.

Superfield formulation: manifest SUSY, comparatively small number of
supergraphs, origin of miraculous cancelations. Problem: how to formulate
the of N -extended SUSY models in terms of unconstrained N -extended
superfields. General solution for arbitrary N is unknown.

Why do we want to get a formulation in terms of unconstrained superfields?
In quantum field theory we should calculate the variational derivatives of the
actions with respect of fields. But it is possible only if the fields are the
unconstrained functional arguments of the actions.

Conventional N = 4 SYM theory can be formulated in component form,
terms of N = 1 superfields, in terms of N = 2 harmonic superfields and in
terms of N = 3 harmonic superfields. Formulation in terms of unconstrained
N = 4 superfields is unknown
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Conventional N = 4 SYM theory

Conventional N = 4 SYM theory
Properties:

Theory was obtained in component form by dimensional reduction from
d=10, N = 1 SYM to d=4
L. Brink, J.H. Schwarz, J. Scherk, 1977

Field content: 1 vector, 6 real scalars, 4 Majorana spinors

Global R-symmetry SU(4)

Most symmetric field theory (with maximal spin 1)

Conformal quantum field theory

Finite quantum field theory

Relations with D=3 branes

Basic theory for AdS/CFT correspondence

Formulation in terms of unconstrained off-shell N = 4 superfields is unknown.
Attempt of superfield formulation: M.F. Sohnius, 1978.
Result: superfield constraints are so strong that they are equivalent to
on-shell conditions.

I.L. Buchbinder (Tomsk) TOWARDS HARMONIC SUPERFIELD FORMULATION OF N = 4 SYM THEORY WITH GAUGED CENTRAL CHARGETomsk, 2014 12 / 39



Sohnius, Stelle, West formulation

Basic property: non-zero central charge

Central charge breaks SU(4) R-symmetry group of conventional N = 4 SYM
theory to some of its subgroup, e.g. to USp(4) group.
N = 4 SYM theory with central charge.
Properties:

Theory was constructed in component form
M.F. Sohnius, K. Stelle, P.C. West, 1980

Field content: 1 vector Am, 4 USp(4)-Majorana spinior fields λi, 5
antisymmetric, Ω-traceless scalar fields φij (Ω is invariant metric of USp(4) -
group). Besides, there are 1 pseudovector Vm and 5 antisymmetric,
Ω-traceless scalars Hij

Action

S = tr

∫
d4x(−1

4
FmnF

mn − 1

2
VmV

m +
1

2
DmφijD

mφij +
1

2
HijH

ij (3)

− i
4
λ̄i 6Dλi − λ̄i[λj , φij ] +

1

4
[φij , φkl][φ

ij , φkl])
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Sohnius, Stelle and West formulation

Action is invariant under central charge transformations

Action is N = 4 supersymmetric if the following the additional constraint is
imposed

DmVm +
1

2
{λ̄i, γ5λi} − i[φij , Hij ] = 0

The constraint can be introduced into action with help of Lagrange multiplier
A5

Solutions to equations of motion for Vm and Hij are

Vm = −DmA5, Hij = i[A5, φij ]

If to substitute these solutions into action, one gets the conventional SU(4),
N = 4 SYM theory.
Scalar field A5 is unified with 5 scalar fields φij and one obtains 6 scalar
fields of the conventional SU(4), N = 4 SYM theory.

Aim: superfield formulation of this theory
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Sohnius, Stelle and West formulation

Abelian theory.

Constraint
∂mV

m = 0

Solution in terms of second rank antisymmetric field

Vm = εmnrsG
nrs

Gmnr = ∂mBnr + ∂rBmn + ∂nBrm

Substitution of this solution to action yields N = 4 Abelian SYM theory
where one of scalars is replaced by antisymmetric tensor Bmn
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Sohnius, Stelle and West formulation

Attempts of superfield consideration of N = 4 SYM theory with central charge:

B. Milewsli, 1983; Constraint in N = 1 superfied form

J. Saito, 2005; Superfield strengths in N = 4 central charge superspace,
superfield constraints and their solution in terms of a single superstrength

I.L.B, O. Lechtenfeld, I.B. Samsonov, 2008; USp(4),N = 4 harmonic
superspace, N = 4 SYM theory with central charge, low energy effective
action in terms of N = 4 superfields (F 4 term)

I.L.B, N.G. Pletnev, 2013; N = 4 harmonic superspace, superfield
formulation of N = 4 SYM theory with central charge in terms of
constrained N = 4 harmonic superfields
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USp(4),N = 4 superspace

N=4 central charge superspace

Coordinates ZM = {xm, z, θαi , θ̄iα̇} (i, j = 1, 2, 3, 4)
Supercovariant derivatives DM = (∂m, ∂z, D

i
α, D̄

α̇
i )

Di
α =

∂

∂θαi
+ iθ̄α̇i∂αα̇ − iθiα∂z, D̄α̇i = − ∂

∂θ̄α̇i
− iθαi ∂αα̇ − iθ̄α̇i∂z

Algebra
{Di

α, D̄α̇j} = −2iδij∂αα̇, {Di
α, D

j
β} = −2iεαβΩij∂z,

{D̄α̇i, D̄β̇j} = 2iεα̇β̇Ωij∂z

Invariant metric on USp(4) group

Ωij =


0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0


Rising and lowering the indices (ΩijΩ

jk = δki )

ψαi = εαβΩijψβj , ψ̄α̇i = εα̇β̇Ωijψ̄β̇j
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Gauge theory in USp(4),N = 4 superspace

Gauge covariant derivatives ∇M = DM + iΓM

Superconnections ΓM (x, z, θ, θ̄)

Gauge transformations ∇′M = eiτ∇Me−iτ

Algebra of covariant spinor derivatives. Definition of superstrength Wij

{∇αi,∇βj} = 2iεαβΩij∇z + 2iεαβWij

{∇̄α̇i, ∇̄β̇j} = 2iεα̇β̇Ωij∇z − 2iεα̇β̇Wij

{∇αi, ∇̄α̇j} = −2iΩij∇αα̇,

Definitions of superstrengths Gαi, Ḡα̇i, Fαim, F̄α̇im,Vm, Fmn

[∇αi,∇z] = iGαi [∇̄α̇i,∇z] = −iḠα̇i
[∇αi,∇m] = iFαim [∇̄α̇i,∇m] = −iF̄α̇im

[∇m,∇z] = iVm, [∇m,∇n] = iFmn

Superstrengths satisfy the reality conditions
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Gauge theory in USp(4),N = 4 superspace

Bianchi identities −→ Constraints on superstrengths
J. Saito, 2005
All superstrengths are expressed in terms of real superfield Wij and its gauge
covariant spinor derivatives
Solutions to constraints (I)

Fαim = −σmαα̇Ḡα̇i , F̄α̇im = Gαi σ
m
αα̇

∇αkWij = iΩijGαk + 2iΩk[iGαj], ∇̄α̇kWij = iΩijḠα̇k + 2iΩk[iḠα̇j]

5iGα̂i = ∇kα̂Wki, ∇zWij ≡ Hij

∇αiGβj = −εαβHij −
1

2
ΩijFαβ +

1

2
εαβ [Wik,W

k
j ]

∇̄α̇iḠβ̇j = −εα̇β̇Hij +
1

2
ΩijF̄α̇β̇ −

1

2
εα̇β̇ [Wik,W

k
j ]

∇̄α̇iGαj = iΩijVαα̇ −∇αα̇Wij , ∇αiḠα̇j = iΩijVαα̇ +∇αα̇Wij
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Gauge theory in USp(4),N = 4 superspace

Solutions to constraints (II)

∇zḠα̇i = ∇αα̇Gαi + [Wik, Ḡ
k
α̇], ∇zGαi = ∇α̇αḠα̇i − [Wik, G

αk]

∇αiVm = σmαα̇[Wik, Ḡ
α̇k] + i(σmn)βα∇nGβi

∇̄α̇iVm = −σmαα̇[Wik, G
αk] + i∇nḠβ̇i(σ̄mn)β̇α̇

∇αiHjk = −iΩjk∇αα̇Ḡα̇i − 2iΩi[j∇αα̇Ḡα̇k]

−i[Wjk, Gαi]− iΩjk[Wil, G
l
α]− 2iΩi[j [Wk]l, G

l
α]

∇̄α̇iHjk = iΩjk∇αα̇Gαi + 2iΩi[j∇αα̇Gαk]+

i[Wjk, Ḡα̇i] + iΩjk[Wip, Ḡ
p
α̇] + 2iΩi[j [Wk]p, Ḡ

p
α̇]

∇α̇iFαβ = 2i∇(αα̇Gβ)i, ∇γiFαβ = −2iεγ(α∇β)α̇Ḡ
α̇
i

∇αiFα̇β̇ = 2i∇α(α̇Ḡβ̇)i, ∇̄γ̇iFα̇β̇ = −2iεγ̇(α̇∇αβ̇)G
α
i
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Gauge theory in USp(4),N = 4 superspace

Solutions to constraints (III)

∇mVm = − i
4

[Wik,Hik] +
1

2
{Gαk, Gαk}+

1

2
{Ḡα̇k, Ḡα̇k}

∇zVm = −σmαα̇{Gαi, Ḡα̇i } −
i

4
[Wik,∇mW ik]−∇aFam

∇zHjk = 2Wjk −
i

2
Ωjk{Gαi, Gαi} − 2i{Gαj , Gαk}+

i

2
Ωjk{Ḡα̇i, Ḡα̇i}+ 2i{Ḡα̇j , Ḡα̇k}+

1

8
Ωjk[Wil[W

i
p,W

lp]]

Result: all superfields Gαi, Ḡα̇i, Fαim, F̄α̇im,Vm, Fmn,Hij are expressed in terms
of real scalar superfield Wij and its gauge covariant derivatives.
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Gauge theory in USp(4),N = 4 superspace

Constraints on Wij

ΩijWij = 0, W̄ij = W ij = ΩikΩjlWkl = − 1
2ε
ijklWkl

Specification of the concrete values for indices i, j, k, l and use of the matrix
Ω yields the constraints for covariant spinor derivatives of Wij . For example
∇α1W12 = 0, ∇α2W12 = 0

These constraints mean the very special dependence of Wij on
anticommuting coordinates

W12 = W12(θ3, θ4, θ̄2, θ̄1), W13 = W13(θ2, θ4, θ̄3, θ̄1),

W24 = W24(θ1, θ3, θ̄4, θ̄2), W34 = W34(θ1, θ2, θ̄4, θ̄3),

W14(θi, θ̄i) = −W23(θi, θ̄i)

(The coordinates xm and z are not written down.)

Result: Wij with different indices i, j belong to different subspaces of full
USp(4),N = 4 superspace (short superfields).
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Gauge theory in USp(4),N = 4 superspace

Dependence on central charge

Set of constraints completely fixes z-dependence of all strengths

All z-dependent superstrengths are given by power series in central charge z.
For example W ij =

∑∞
k=0W

ij
(k)z

k

The constraints allows us to express all coefficients in these expansions in
terms of only two coefficients W ij

(0),W
ij
(1). Consideration is analogous to one

in N = 2 vector-tensor multiplet theory.

If to switch off in the constraint [∇m,∇z] = iVm all anticommuting

coordinates and put z = 0, one gets DmA5 = Vm. Here A5 = Γ
(0)
z | and

Vm = V(0)
z |

If to switch off in the constraint [∇z,Wij ] = −Hij all anticommuting

coordinates and put z = 0, one gets Hij = i[A5, φij ]. Here Hij = H(0)
ij | and

φij = W
(0)
ij |

Result: constraints yield the expressions for auxiliary fields Vm and Hij in
terms of scalar field A5 in SSW theory. In the other words, a role of scalar
A5 is played by z-independent scalar component of connection Γz.
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USp(4) central charge harmonic superspace

USp(4)/U(1)× U(1) harmonic variables

Harmonics: 4× 4 unitary matrices uIj with unit determinant, preserving the

antisymmetric matrix Ωij

uIi ū
i
J = δIJ , uIiΩ

ijuJj = ΩIJ

uIi = ΩikuIk = ΩIK ūiK , uIi = Ωiju
Ij , ūiI = ΩIJu

J
kΩki.

Notations of harmonics in according with their U(1) charges

u1
i = u

(+,0)
i , u2

i = u
(−,0)
i , u3

i = u
(0,+)
i , u4

i = u
(0,−)
i

Orthogonality and completeness conditions. Various identities. Complex
conjugation, tilde conjugation.

Derivatives with respect to harmonics, integral over harmonics
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N = 4 central charge harmonic superspace

Harmonic projections of anticommuting coordinates

θIα = −ūIiθαi = uIi θ
i
α, θ̄Iα̇ = uIi θ̄

i
α̇ = −ūIiθ̄α̇i

Harmonic projections of superstrengths Wij

u
(+,0)
i u

(−,0)
j W ij = W

(0,0)
1 , u

(+,0)
i u

(0,+)
j W ij = W (+,+),

u
(+,0)
i u

(0,−)
j W ij = W (+,−), u

(−,0)
i u

(0,+)
j W ij = W (−,+),

u
(−,0)
i u

(0,−)
j W ij = W (−,−), u

(0,+)
i u

(0,−)
j W ij = W

(0,0)
2 = −W (0,0)

1

Harmonic derivatives

∂(±±,0) = u
(±,0)
i

∂

∂u
(∓,0)
i

, ∂(0,±±) = u
(0,±)
i

∂

∂u
(0,∓)
i

∂(±,±) = u±,0i

∂

∂u0,∓
i

+u0,±
i

∂

∂u∓,0i

, ∂(±,∓) = u
(±,0)
i

∂

∂u0,±
i

−u(0,∓)
i

∂

∂u∓,0i

Commutation relations are equivalent to USp(4) algebra
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N = 4 central charge harmonic superspace

Harmonic projections of gauge covariant spinor operators

∇(±,0)
α̂ = u

(±,0)
i ∇iα̂, ∇(0,±)

α̂ = u
(0,±)
i ∇iα̂

Algebra of covariant derivatives in terms of operators ∇(±,0)
α̂ ,∇(0,±)

α̂

{∇(+,0)
α̂ ,∇(+,0)

β̂
} = 0, {∇(0,+)

α̂ ,∇(0,+)

β̂
} = 0

{∇(±,0)
α , ∇̄(∓,0)

α̇ } = ∓2i∇αα̇, {∇(0,±)
α , ∇̄(0,∓)

α̇ } = ∓2i∇αα̇,

{∇(+,0)
α̂ ,∇(−,0)

β̂
} = 2iεα̂β̂∇z ± 2iεα̂β̂W

(0,0)
1 ,

{∇(0,+)
α̂ ,∇(0,−)

β̂
} = 2iεα̂β̂∇z ± 2iεα̂β̂W

(0,0)
2 ,

{∇(+,0)
α̂ ,∇(0,−)

β̂
} = ±2iεα̂β̂W

(+,−), {∇(+,0)
α̂ ,∇(0,+)

β̂
} = ±2iεα̂β̂W

(+,+),

{∇(−,0)
α̂ ,∇(0,+)

β̂
} = ±2iεα̂β̂W

(−,+), {∇(−,0)
α̂ ,∇(0,−)

β̂
} = ±2iεα̂β̂W

(−,−)
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N = 4 central charge harmonic superspace

Harmonic projections of Wij transform through each other under the action of
USp(4) generators

∂(++,0)W (−,+) = W (+,+), ∂(+,−)W (−,+) = −2W (0,0),

∂(−−,0)W (+,+) = W (−,+), ∂(0,−−)W (+,+) = W (+,−), ∂(−,−)W (+,+) = 2W
(0,0)
1 ,

∂(++,0)W (+,+) = 0, ∂(+,−)W (+,+) = ∂(−,+)W (+,+) = 0.
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N = 4 central charge harmonic superspace

Harmonic superspace and analytic subspaces
USp(4),N = 4 harmonic superspace is parameterized by coordinates

(xm, z, θ
(±,0)
α̂ , θ

(0,±),
α̂ , ui) (α̂ = (α, α̇)).

Bianchi identities and algebra of covariant derivatives in terms of operators

∇(±,0)
α̂ ,∇(0,±)

α̂ show that each of the following harmonic projections
W (+,+),W (+,−),W (−,+),W (−,−) lives on its own analytic subspace

∇(+,0)
α W (+,+) = ∇(0,+)

α W (+,+) = ∇̄(+,0)
α̇ W (+,+) = ∇̄(0,+)

α̇ W (+,+) = 0

W (+,+) = W (+,+)(x, z, θ(+,0), θ(0,+), θ̄(+,0), θ̄(0,+), u)

∇(+,0)
α W (+,−) = ∇(0,−)

α W (+,−) = ∇̄(+,0)
α̇ W (+,−) = ∇̄(0,−)

α̇ W (+,−) = 0

W (+,−) = W (+,−)(x, z, θ(+,0), θ(0,−), θ̄(+,0), θ̄(0,−), u)

Analogously

W (−,+) = W (−,+)(x, z, θ(−,0), θ(0,+), θ̄(−,0), θ̄(0,+), u)

W (−,−) = W (−,−)(x.z, θ(−,0), θ(0,−), θ̄(−,0), θ̄(0,−)u)

Four different analytical subspaces of full harmonic superspace
W (0,0) is not analytical
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N = 4 central charge harmonic superspace

Basic superstrength in USp(4),N = 4 SYM theory

All strengths Gαi, Ḡα̇i, Fαim, F̄α̇im,Vm, Fmn,Hij are expressed in terms of real
scalar superfield Wij and its gauge covariant derivatives. Then one introduces the
corresponding harmonic projections. Therefore the harmonic projections of above
strengths are expressed through the harmonic projections of Wij . They are
expressed in terms of W (+,+) with help of USp(4) generators. As a result, the
superfield W (+,+) can be considered as basic superstrength in USp(4),N = 4
SYM theory.
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N = 4 central charge harmonic superspace

Analytic basis

Analytic subspace for W (+,+) is parameterized by the coordinates

{ζM , u} = {xmA , zA, θ(+,0)
α , θ(0,+)

α , θ̄
(+,0)
α̇ , θ̄

(0,+)
α̇ , u

(±,0)
i , u

(0,±)
i }

xmA = xm−iθ(−,0)σmθ̄(+,0)−iθ(+,0)σmθ̄(−,0)−iθ(0,−)σmθ̄(0,+)−iθ(0,+)σmθ̄(0,−)

zA = z + iθ(−,0)αθ(+,0)
α + iθ(0,−)αθ(0,+)

α − iθ̄(+,0)
α̇ θ̄(−,0)α̇ − iθ̄(0,+)

α̇ θ̄(0,−)α̇

Covariant spinor derivatives

short : D
(+,0)
α̂ =

∂

∂θ(−,0)α̂
, D

(0,+)
α̂ =

∂

∂θ(0,−)α̂
,

long : D(−,0)
α , D(0,−)

α , D̄
(−,0)
α̇ , D̄

(0,−)
α̇

Basic property: if Φ(q1,q2) is an analytic superfield, then it is harmonic

analytic superfield, i.e. if D
(+,0)
α̂ Φ(q1,q2) = 0, D

(0,+)
α̂ Φ(q1,q2) = 0, then

D(++,0)Φ(q1,q2) = 0, D(±,+)Φ(q1,q2) = 0, D(0,++)Φ(q1,q2) = 0
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Superfield action and its component form

Requirements to superfield action

Dependence of N = 4 superfields

Gauge invariance

N = 4 supersymmetry

Central charge invariance

A proposal for action

S ∼ tr

∫
dζ(−4,−4)du((θ(+,0))2 − (θ̄(+,0))2)((θ(0,+))2 − (θ̄(0,+))2)L(2,2)

L(2,2) = W (+,+)W (+,+)

L(2,2) is an analytic and harmonically short superfield.

dζ(−4,−4)du = d4xAd
2θ(+,0)d2θ(0,+)d2θ̄(+,0)d2θ̄(0,+)du

dζ(−4,−4)du = d4xAd
2θ(+,0)d2θ(0,+)d2θ̄(+,0)d2θ̄(0,+)du is an analytic superspace

dimensionless integration measure.
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Superfield action and its component form

Gauge invariance is obvious

N = 4 supersymmetry (analogously to N = 2 theory with central charge; N.
Dragon, E. Ivanov, S. Kuzenko, E. Sokatchev, U. Theis, 1997, 1998 ) The
N = 4 supersymmetry coordinate transformations are

δxAαα̇ = −2i(ε(−,0)
α θ̄

(+,0)
α̇ + ε(0,−)

α θ̄
(0,+)
α̇ + θ(+,0)

α ε̄
(−,0)
α̇ + θ(0,+)

α ε̄
(0,−)
α̇ )

δzA = 2i(εα(−,0)θ(+,0)
α + εα(0,−)θ(0,+)

α − ε̄(−,0)
α̇ θ̄(+,0)α̇ − ε̄(0,−)

α̇ θ̄(0,+)α̇),

δθ
(+,0)
α̂ = ε

(+,0)
α̂

Action transforms as follows

δS|ε(−,0) =

∫
dζ(−4,−4)du{((θ(+,0))2 − (θ̄(+,0))2)((θ(0,+))2 − (θ̄(0,+))2)×

×δzA
∂

∂zA
L(2,2) − 2(ε(+,0)θ(+,0) − ε̄(+,0)θ̄(+,0))((θ(0,+))2 − (θ̄(0,+))2)L(2,2)}

After integrating by parts and using some identities, one gets δS|ε(−,0) = 0.
Analogously δS|ε(0,−) = 0. Action is N = 4 supersymmetric.
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Superfield action and its component form

Central charge independence (analogously to N = 2 theory with central
charge; N. Dragon, E. Ivanov, S. Kuzenko, E. Sokatchev, U. Theis, 1997,
1998)

∂

∂zA
S ∼ i

∫
dζ(−4,−4)du((θ(0,+))2 − (θ̄(0,+))2)×

×(∂(++,0) − 2iθ(+,0)σmθ̄(+,0)∂m)L(2,2) = 0

The identities D(++,0)L(2,2) = D(0,++)L(2,2) = 0 have been used.
Action is invariant under any central charge transformation.

Action constructed form N = 4 superfields.

All requirements to action are fulfilled
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Superfield action and its component form

Component form. Reproduction of SSW action.

Integration rule ∫
dζ(−4,−4)du =

=
1

256

∫
d4xdu(±,0)du(0,±)(∇(−,0))2(∇̄(−,0))2(∇(0,−))2(∇̄(0,−))2

First, integration over anticommuting coordinates θ(0,+), θ̄(0,+)

S ∼ tr

∫
d4xdud2θ(+,0)L(++,0) − tr

∫
dud4xd2θ̄(+,0)L(++,0)

L(++,0) =
1

4

∫
du(0,±)((∇(−,0))2 − (∇̄(−,0))2)L(2,2)

= −1

2

∫
du(0,±)(G(+,0)αG(+,0)

α + Ḡ(+,0)α̇Ḡ
(+,0)
α̇ − 2iH(+,−)W (+,+)).

Second, integration over harmonics u(0,±)

L(++,0) = u(+,0)(iu(+,0)j)Lij

Lij = −1

2
(Gαi Gαj + Ḡα̇i Ḡα̇j +

i

2
H k
i Wjk)
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Superfield action and its component form

Third, integration over harmonics u
(±,0)
i

S ∼ − 1

20
tr

∫
d4x(∇α(i∇j)α − ∇̄

(i
α̇ ∇̄

α̇j))Lij |θ=0 = tr

∫
d4xL,

L = − 1

20
{[∇βi,∇jβ ]Gαi Gαj +∇βjGαi∇βiGαj

−∇βiGαi ∇
j
βGαj

+[∇βi,∇jβ ]Ḡα̇i Ḡα̇j +∇βjḠα̇i∇βiḠα̇j
−∇βiḠα̇i ∇

j
βḠα̇j

+[∇̄β̇i, ∇̄j
β̇
]Gαi Gαj + ∇̄β̇jGαi∇̄β̇iGαj

− ∇̄β̇iGαi ∇̄
j

β̇
Gαj

+[∇̄β̇i, ∇̄j
β̇
]Ḡα̇i Ḡα̇j + ∇̄β̇jḠα̇i∇̄β̇iḠα̇j

− ∇̄β̇iḠα̇i ∇̄
j

β̇
Ḡα̇j

+
i

2
[∇αi,∇jα]H l

i Wjl+
i

2
H l
i [∇αi,∇jα]Wjl+i∇αjHil∇iαW jl+i∇αiH l

i ∇jαWjl

+
i

2
[∇̄α̇i, ∇̄jα̇]H l

i Wjl+
i

2
H l
i [∇̄α̇i, ∇̄jα̇]Wjl+i∇̄α̇jHil∇̄iα̇W jl+i∇̄α̇iH l

i ∇̄
j
α̇Wjl}

Dependence on z and θ is absent here.
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Superfield action and its component form

Fourth, action (with common coefficient 1
4 can be transformed (after tedious

work) to the form

L = −1

4
FmnFmn −

1

2
V mVm +

1

8
HijHij +

1

8
∇mWij∇mW ij+

+
1

16
[Wik,W

k
j ][W i

l,W
jl]+

+iGαi∇α̇αḠα̇i +
i

2
[Wik, G

αk]Giα +
i

2
[Wik, Ḡ

k
α̇]Ḡα̇i

∇m is the covariant derivative of component fields.

This expression contains all terms corresponding to SSW action (1)
Identification of fields in above action with fields in SSW action:
Wij = 2(

√
2)φij , Hij = 2H ′ij , G

i
α = (i)λiα.

Result: the component form of superfield action exactly reproduces the SSW
action
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Summary

Harmonic superspace formulation of N = 4 SYM theory with central charge.

Gauge theory in USp(4), N = 4 superspace.

Lagrange multiple A5 and expressions of auxiliary fields Vm and Hij in terms
of A5, used in SSW theory, have a natural algebraic origin as the
consequences of the Bianchi identities for superfield strengths.

USp(4), N = 4 harmonic superspace and several corresponding analytic
subspaces.

It is proved that Bianchi identities in conventional and harmonic N = 4
superspaces with central charge provide the superspace treatment of all
components of the SSW model.

The harmonic superspace under consideration allows us to introduce the
analytic superfield strength W (+,+) , which is a basic object for analytic
superfield Lagrangian L(2,2).

Gauge invariant, N = 4 supersymmetric action, invariant under central
charge transformations is proposed and it is proved that this action exactly
reproduces the component action of SSW model
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Summary

Problems

Superfield action is not a functional of independent superfield potentials.
Unclear how to write the superfield equations of motion.

Problem of formulation in terms of independent unconstrained superfield
potentials open.
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THANK YOU VERY MUCH!
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