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Introduction�� ��motion of particles with Deformed Relativistic Symmetries at Planck scale

(Mp ∼ 1019GeV ) (Quantum gravity effects) Amelino-Camelia, Kowalski-Glikman, Magueijo, Smolin...

deformed dispersion relation → Energy dependent speed of light

m2 ' E2 − p2 +
1

Mp
Ep2

→ v = dE/dp ' 1−
1

Mp
E

x

t
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Hopf algebras Lukierski, Nowicki, Ruegg, Majid...
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κ
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Recent progresses

DSR → relative locality: the introduction of a second invariant (inverse-momentum)
scale in the relativistic theory enforces locality to become relative. Observable effects:
E-dependent speed of light, dual redshift, dual gravity lensing...
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κ-Poincaré algebra and κ-Minkowski spacetime (1+1D) Lukierski,Ruegg,Majid,...

κ-Minkowski Xκ

[x1, x0] =
i

κ
x1

∆ (xµ) = xµ ⊗ 1 + 1⊗ xµ
S (xµ) = −xµ ε (xµ) = 0

Translations

x′µ = xµ − aµ[
x′1, x

′
0

]
= i

κ
x′1

κ-Poincaré Hopf algebra Pκ

[P1, P0] = 0 [N,P0] = iP1

[N,P1] = i
κ

2

(
1− e−

2
κ
P0

)
−

i

2κ
P 2
1

∆P0 = P0 ⊗ 1 + ⊗P0

∆P1 = P1 ⊗ 1 + e
−P0
κ ⊗ P1

∆N = N ⊗ 1 + e
−P0
κ ⊗N

S (P0) = −P0 S (P1) = −e
P0
κ P1 S(N) = −e

P0
κ N1

2κ = (2κ)2 sinh2

(
P0

2κ

)
− e

P0
κ ~P 2

[aκ1 , x0] =
i

κ
aκ1

[
aκµ, x1

]
= 0 [aκ0 , x0] = 0

Amelino-Camelia+Arzano+...,Mod.Phys.Lett.A22(2007), “generalizing Noether theorem...”

T = 1 + d d = −iaκµPµ

df(x)g(x) = (df(x)) g(x)+f(x)dg(x)
Leibniz
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Covariant Quantum Mechanics

Perspective:
space and time are non-commutative operators
acting on some Hilbert space

[x̂1, x̂0] = i
κ
x̂1

No room for time operator in ordinary QM.

→ kinematical Hilbert space of
�� ��Covariant Quantum Mechanics Reisenberger+Rovelli,Phys.Rev.D65(2002)

operators are represented in terms 2 copies of
Heisenberg algebra (1+1D)

[π̂0, q̂0] = i [π̂0, q̂1] = 0

[π̂1, q̂0] = 0 [π̂1, q̂1] = −i

spacetime points → spacetime regions
gaussian states

Physical Hilbert space after imposing the Hamiltonian constraint
→ physical degrees of freedom → worldlines

representing κ-Minkowski/κ-Poincaré in terms of Kinematical operators we can evaluate
their expextation values on the gaussian states.
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Kinematical Hilbert space, representations

x̂0 = q̂0

x̂1 = q̂1e
π̂0
κ

P0 . f(x̂0, x̂1)←→ [π̂0, f(q̂0, q̂1e
π̂0
κ )]

P1 . f(x̂0, x̂1)←→ e−
π̂0
κ [π̂1, f(q̂0, q̂1e

π̂0
κ )]

âκ0 = a0

âκ1 = a1e
π̂0
κ

N . f(x̂) ≡ e−
π̂0
κ [η̂, f(x̂)] η̂ ≡

κe2 π̂0κ − 1

2
+
π̂2
1

2κ

 q̂1 − π̂1q̂0

[π̂0, q̂0] = i [π̂0, q̂1] = 0

[π̂1, q̂0] = 0 [π̂1, q̂1] = −i



Kinematical Hilbert space, fuzzy points

Scalar product 〈Ô〉 = 〈ψ|Ô|ψ〉 =
∫
D(πµ)ψ?(πµ)O(πµ)ψ(πµ)

Invariant measure D(πµ) = dπ0dπ1e
−π0
κ

xA1

xA0

L

xB1

xB0

L

〈T . x̂0〉 = q0 − a0 −
i

2κ

δ (T . x̂0) =
1

2σ0

〈T . x̂1〉 = (q1 − a1) e
π0
κ e
−
σ20
2κ2

δ(T . x̂1)=e
π0
κ

[
1

4σ2
1

+(q1−a1)2

(
1−e−

σ20
κ2

)]1/2

Alice Bob



Physical Hilbert space

Hamiltonian constraint H = (2κ)2 sinh2
(π0

2κ

)
− e−

π0
κ π2

1

〈ψ|φ〉H =

∫
e−

π0
κ dπ1dπ0δ (H) Θ(π0)ψ∗(π)φ(π)

Localization operator

X̂(T ) = e
π̂0
κ

(
q̂1 − V̂ q̂0 −

1

2
[q̂0, V̂] + V̂T

)
V ≡

∂H/∂π1

∂H/∂π0

[
Ĥ, X̂

]
= 0 X̂† = X̂

V̂ ≡
e−

π0
κ π1

κ sinh (`π0) + 1
2κ
e−

π0
κ π2
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Physical Hilbert space

Hamiltonian constraint H = (2κ)2 sinh2
(π0

2κ

)
− e−

π0
κ π2
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〈ψ|φ〉H =

∫
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π0
κ dπ1dπ0δ (H) Θ(π0)ψ∗(π)φ(π)

Localization operator

X̂(T ) = e
π̂0
κ

(
q̂1 − V̂ q̂0 −

1

2
[q̂0, V̂] + V̂T

)
V ≡

∂H/∂π1

∂H/∂π0

[
Ĥ, X̂

]
= 0 X̂† = X̂

V̂ ≡
e−

π0
κ π1

κ sinh (`π0) + 1
2κ
e−

π0
κ π2

1

H=0−→
m=0

1−
E

κ



Physical Hilbert space, fuzzy worldlines

emitter

X(T )

T

〈V̂〉H ' 1−
1

κ
〈E〉

δX[κ] ≈
(
σ2〈E〉

2κ
+

D2

κ2σ2

)1/2

∼
D

κσ
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