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How many ‘dimensions’ at the Planck scale?

✦ spectral dimension 

✦ Hausdorff dimension of momentum space 

✦ quantum vacuum dimension
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Heat diffusion on a Riemannian manifold: 

Spectral dimension as a probe of geometry
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Spectral dimension as a probe of geometry

Spectral dimension: dS(s) = �2
d lnP (s)

d ln s

✦ flat space: P (s) = (4�s)�d/2

✦ in general: 
   (Riem. manif.)
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Spectral dimension in Quantum Gravity
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Figure 2: The Spectral dimension data from CDT simulations with N = 200k against scaled diffusion time

σ̃ = σN−2/3, plotted in black, fitted to the spectral dimension plot for the scaled sphere with r = 1.20,

s = 1.96, superimposed in green. The two-parameter fit agrees with the data for σ̃ ! 1.5. at very low

times the “quantum correction” to the posited classical geometry is negative, but it becomes positive in

an intermediate range.

value, as found in the 4D case (this is investigated more fully in the next section). However, there

is an intermediate regime in which the quantum correction is positive, and persists for a longer

diffusion time than might be expected from looking at the behaviour at very low diffusion times.

5.3 Results at shorter scales

These results have implications for previous methods used to measure the large scale dimension

of CDTs. In [8], in the 4D case, Ambjørn, Jurkiewicz and Loll (AJL hereafter) take a short range

of early diffusion times, and fit the CDT spectral dimension data to the function

Ds(σ) = a−
b

σ + c
. (5.3)

This fit provides estimates of the dimension as σ → 0 and as σ → ∞. In particular, the estimation

of the large scale dimension rests on two assumptions. The first is that the finite size effects have

a negligible effect on the fit over the range fitted. The second is that the fit is good into the range

13

0 50 100 150 200 250 300

2

2.2

2.4

2.6

2.8

3

σ

D
s

 

 
CDT data N=70 000
fit

Figure 4: The Spectral dimension data with number of simplices N = 70k, at small diffusion times, is

plotted with error bars in black. The exponential fit is superimposed in a lighter colour.

The large scale dimension is consistent with 3 here, even with the assumptions given above,

and one expects the finite size error to be small and negative. This is similar to the situation

found by AJL in the 4D case, where the large scale dimension is consistent with 4. However, as

one goes to yet higher N , the technique begins to slightly overestimate the dimension in the 3D

case.

At N = 200k we have a similarly good fit with the same function (see Fig. 5). The estimates

in this case are

Ds(∞, N = 200k) = 3.05 ± 0.04 ; (5.7)

Ds(0, N = 200k) = 2.04 ± 0.10 . (5.8)

Here, the value 3 for the large scale dimension begins to looks doubtful. This is explained

by looking at the spectral dimension plot at larger scales, as in figure 2. There we see that the

quantum correction to the spectral dimension function for the conjectured classical geometry

actually becomes positive, and stays significant for some time after the maximum value of Ds is

reached. But the above fits are taken over a short range before the maximum is reached. This

means that the assumption that the fit will have a large scale limit free of quantum effects is
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IR limit probes global geometry, intermediate scales probe local 
(flat) geometry, UV limit probes quantum spacetime properties  

example (3d CDT)

UV behaviorIR behavior [D. Benedetti and J. Henson PRD 2009]

3

2

the ‘diffusion’ process ‘happens’ on the whole of (Euclidean) spacetime

most QG theories find running spectral dimension in the UV (           ): s ! 0

d(QG)
S (s ! 0) 6= d



From dispersion relation to spectral dimension

dispersion relation is the momentum space representation of the Laplacian 

spectral dimension is probed by a fictitious diffusion process governed by the 
“Wick rotated” Laplacian operator (in flat ST)

�2 = f(k2) DL = ��2
t � f(�r2)
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the return probability can be written as 

    and the spectral dimension 
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From MDR to RSD - an example

the ansatz (Euclidean MDR): 

gives the general result
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Momentum space dimensional reduction

in the definition of the spectral dimension we can change momentum space 
variables: 
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in the new variables only the measure of momentum space is non-trivial 



Momentum space dimensional reduction

all non-trivial effects are transferred to momentum space measure 

example: 

p̃ = p
p

1 + (�p)2�

(in the UV)

energy-momentum space (Haussdorf) dimension is effectively 
modified in the UV:

(this matches the spectral dimension of spacetime in the UV but not in the intermediate regime)
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Momentum space running dimension

the return probability reads: 

the momentum space/spectral dimension UV correspondence holds also for 
general MDRs of the form: 

after changing variables (in the UV)

standard Laplacian but deformed measure, from which we can read dimension
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Dimensional reduction without a preferred frame

dµ(E, p) =
p
�gdEd3p = e3�EdEd3pmeasure:

Laplacian:                              

C� =
4
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sinh2

✓
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C`(1 + `2�C�
` )

P (s) ⇠
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example: curved momentum space with de Sitter metric (Euclidean)

momentum space metric: ds2 = dE2 + e2`E
3X

j=1

dp2j

the isometries of de Sitter momentum space define the deformed relativistic 
symmetries

where                                              is invariant under the deformed  

relativistic symmetries

interplay between dispersion relation and measure can be used to build a 
relativistic theory



Dimensional reduction without a preferred frame

change of variables to make the dispersion relation trivial in the UV:

P (s) ⇠
Z
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P (s) ⇠

Z
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6
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˜E = e�E/2/⇥ = r cos(�), p̃ = e�E/2p = r sin(�)

from the integration measure in the variables with standard dispersion relation one reads the 
UV spectral dimension 
(and the UV Hausdorff momentum space dimension)

dS(0) = dH =
2D

1 + �
(for D spatial dimensions)

2 spectral/Hausdorff dimensions in the UV when D=3 and � = 2



(spectral) dimensional reduction is a common feature of QG theories 
(with favoured value of 2 in the UV) 

- Causal Dynamical Triangulation in 3d and 4d  

- asymptotically safe gravity in 4d 

- Horava-Lifshitz gravity in 3+1 dim with critical exponent z=3 

- Spin Foams

[P. Horava, PRL 2009]

[D. F. Litim, PRL (2004)]

[L. Modesto, CQG 2009] 
[G. Calcvagni, D. Oriti, J. Thurigen, CQG 2014]

[J. Ambjorn, J. Jurkiewicz and R. Loll, PRL 2005] 
[D. Benedetti and J. Henson PRD 2009]

See J. Magueijo’s talk

Running to 2 dimensions has important implications for the Early Universe and 
the UV regime of gravity 

But can we find a more physical notion of dimensionality? 
(e.g. one that does not require Euclideanization, does not rely on some fictitious diffusion 
process and that refers to something we can directly observe)



Quantization with nontrivial measure

consider a general theory, where dispersion relation is trivial and momentum 
space measure is modified (now Lorentzian signature!)

in order to perform scalar field quantization one needs the covariant on-shell 
measure 

then the field expansion reads 
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(usual thing but with modified measure) 

and the one-particle states satisfy: 

  with 

< p0|p >= �µ̄(p� p0)Z
dµ̄ �µ̄ = 1

E2 = p2 +m2

< p0|p >= (2⇡)32Ep�
(3)(p� p0)   (                                               in the standard case )



Some more on the DSR case

k-Poincaré in bicrossproduct coordinates

relativistic covariance requires to deform composition rule of momenta, which 
enters the two-point function 

2

Upon introducing creation and annihilation operators

a, a

†, such that
h
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where �µ̄(~p) is such that, for any function f(~k):
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k)f(~p) = f(~k) (7)

We conclude this review section by remarking that that
the commutation rule of the creation and annihilation
operators is what fixes the two-point correlation function,
and as a consequence the fluctuations power spectrum
P�(~p):
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where the expansion (4) has to be used in order to eval-
uate the l.h.s.

III. TWO-POINT FUNCTION IN
RELATIVISTIC DE SITTER MOMENTUM

SPACE

The realisation of relativistic de Sitter momentum
space that we are going to consider is known as -
Poincaré []. In terms of the so-called ’bicross-product’
coordinates [], the momentum space measure reads:

dµ(k) = e

3p0/
d

3
~p dp0. (9)

As we mentioned in the introduction, relativistic com-
patibility requires that also the on-shell relation and the
composition rule of momenta are consistently modified.
In this case the on-shellness is given by:

C = m

2
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The composition rule for spatial momenta is:
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and this requires also a modified ’antipode’  p, such that
p� ( p) = 0:

 ~p = �ep0/
~p. (13)

The deformed on-shellness implies that the positive-
energy (massless) solution is now:
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The deformed composition rule enters in the one-particle
normalisation, as shown in [1]:
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Remember that the delta function appearing here is
not the standard three-dimensional delta function, since
eq. (16) must still be true. Indeed, when inserting the
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where �µ̄(~p) is such that, for any function f(~k):
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We conclude this review section by remarking that that
the commutation rule of the creation and annihilation
operators is what fixes the two-point correlation function,
and as a consequence the fluctuations power spectrum
P�(~p):
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d

3
~p

(2⇡)3
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where the expansion (4) has to be used in order to eval-
uate the l.h.s.

III. TWO-POINT FUNCTION IN
RELATIVISTIC DE SITTER MOMENTUM

SPACE

The realisation of relativistic de Sitter momentum
space that we are going to consider is known as -
Poincaré []. In terms of the so-called ’bicross-product’
coordinates [], the momentum space measure reads:

dµ(k) = e

3p0/
d

3
~p dp0. (9)

As we mentioned in the introduction, relativistic com-
patibility requires that also the on-shell relation and the
composition rule of momenta are consistently modified.
In this case the on-shellness is given by:

C = m

2
, (10)

with

C ⌘ 42 sinh2 (p0/2) + e

p0/|~p|2. (11)

The composition rule for spatial momenta is:

~p� ~q = ~p+ e

�p0/
~q (12)

and this requires also a modified ’antipode’  p, such that
p� ( p) = 0:

 ~p = �ep0/
~p. (13)

The deformed on-shellness implies that the positive-
energy (massless) solution is now:
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The deformed composition rule enters in the one-particle
normalisation, as shown in [1]:
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(3)(·) is defined with respect to the deformed
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which in turn a↵ects the two-point function, as shown in
the previous section.
What is interesting, and is the main point of this paper,

is that, as long as the above commutator is only evalu-
ated on vacuum, it reduces to the standard one, times
an factor which is a function of energy. The key point in
order to show this is to observe that the equations (15)
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where we used the fact that !
p is a function of ~p, see eq.

(14).
The one-particle normalisation is then:
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and the commutator for the creation and annihilation
operators:
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�
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k

0). (22)

Remember that the delta function appearing here is
not the standard three-dimensional delta function, since
eq. (16) must still be true. Indeed, when inserting the
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the complex structure J comes from the fact that there is no global time-like Killing vector that can be used to define
such object. In the most optimistic cases one has a preferred notion of the time-translation only in certain regions of
space-time and this ultimately leads to particle production when one evolves from a region to another. Notice that
while for us to allow for a generalization of the quantization formalism to curved momentum space we had to start
with a phase space described in terms of co-adjoint orbits in QFT in curved space the starting point is the phase space
of the field described as solutions of the equation of motion which is well defined on any global hyperbolic manifold
(which can have no global symmetries at all).

VI. FIELD MODES AND VACUUM FLUCTUATIONS

We now give a concrete realization of the deformed one-particle Hilbert space and introduce tools to describe the
behaviour of deformed field modes. Let us focus on the choice of basis P0, Pi in U(b) related to the “flat slicing”
co-ordinates (45) i.e. to the group splitting parameter β = 1. The wave equation defining the mass-shell is given by
the mass Casimir which for such choice of basis reads

Cκ(P ) =

!

2κ sinh

!

P0

2κ

""2

−P2eP0/κ . (58)

For simplicity we focus on the massless case. For on-shell plane waves ep ≡ {ep : Cκ(P ) ep = 0}, and in general of any
function on Mκ

m, the generator P0 will read off the energy coordinate

P0 ep = ω±
κ (p) ep , (59)

with

ω±
κ (p) = −κ log

!

1∓
|p|
κ

"

. (60)

We can now use P0 to define the complex structure (56) and the operator P+ = 1/21− iJ to project a generic element
of C∞(Mκ

m) on the positive energy subspace C∞(Mκ+
m ). The inner product on such space given by

(φ1,φ2)κ =

#

Mκ+
m

dµ(p)

2ωκ(p)
φ̄1(p)φ2(p) , (61)

(we omitted for the + superscripts for notational clarity), which can be written in covariant form as [6]

(φ1,φ2)κ =

#

B
dµ(p) δ(C1(p)) θ(p0) φ̃1(p) φ̃2(p) , (62)

is indeed positive definite and thus turns C∞(Mκ+
m ) into our deformed one-particle Hilbert space Hκ. Using the group

Fourier transform discussed in Section II we can write the “space-time” counterpart of φ(p) ∈ C∞(Mκ+
m )

φ(x) =

#

B
dµ(p) δ(C1(p)) θ(p0) φ̃(p) ep(x) =

#

Mκ+
m

dµ(p)

2ωκ(p)
φ(p) ep(x) (63)

which shows how, due to the group nature of the plane waves ep(x), the fields φ(x) form a non-commutative algebra and
thus the Fourier transformed version of elements of Hκ describe the one-particle Hilbert space of a non-commutative
quantum field theory.
For a practical description of the states Hκ we can introduce a normalized basis of delta functions4 which correspond
to the “modes” of the on-shell plane waves ep

ep(k) ≡ 2ωκ(k) δ
3(p⊕ (⊖k)) , (64)

4 Recall that the Dirac delta for functions on a group G is such that!
G

dµ(g)δ(g)f(g) = f(e) ,

!
G

dµ(g)δ(gh−1)f(g) = f(h) ,

where g, h ∈ G and e is the unit element which in the notation used in the preceding Sections this reads!
B

dµ(p)δ(p)f(p) = f(0) ,

!
B

dµ(p)δ(p ⊕ (⊖q))f(p) = f(q) .

[M. Arzano, PRD 2011]
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Vacuum fluctuations with non trivial measure

Dimensionless cosmological perturbations power spectrum is defined as 

 related to the ‘covariant’ power spectrum 

via 

< 0|�2|0 >=

Z
dµ(p)P̄�(p)

[dµ̄(p) = 4⇡µ̄(p)dp]

the ‘covariant’ power spectrum has a remarkable property: 

P̄�(p) = 1 for any measure 

< 0|⇣2|0 >=

Z
dp

p
P⇣(p)

P⇣(p) ⇠ LD�1
p pµ̄(p)P̄�(p)

h
⇣ ⇠ L

D�1
2

p �
i



A       - dimensional (isotropic) covariant measure can generically be written as 
(only using dimensional arguments) 

then the power spectrum for cosmological perturbations is: 

P⇣(p) ⇠ LD�1
p p µ̄(p) ⇠ LD�1

p p�dH�1�DpdH�3

dH

   (                              in the standard case for D=3 )dµ̄(p) =
p2dp

(2⇡)32Ep

Power spectrum in dimensionally reduced 
momentum space

dµ̄(p) ⇠ dµ

Ep
⇠ �dH�1�DpdH�2dp

Ep



Power spectrum in 2-dimensional momentum space

The dimensionless power spectrum is thus scale invariant for any measure that 
runs to two dimensions in the UV 

[D = 3, dH = 2]

More in general we can relate the spectral index to momentum space dimension: 

P⇣(p) = A2

✓
p

p0

◆nS�1

nS = dH � 1

P⇣(p) ⇠
✓
Lp

�

◆D�1

(�p)dH�2 !
✓
Lp

�

◆2

and its amplitude is given by the hierarchy between Planck scale and dimensional 
reduction scale

physical notion of dimensionality?



What about spacetime?

3

to contend with higher than second-order derivatives in
time, even though such higher order derivatives would
be present were we to transition to field theory from
the original representation (i.e. before choosing lineariz-
ing units). Therefore, the second quantization procedure
should closely mimic the standard one, but accounting
for the non-trivial measure.
Let us expand the field operator as:

φ(x) =

!

dµ(p)[a(p)e−ip·x + a†(p)eip·x]. (6)

This expression is just the standard one in the un-
deformed case, in a notation used by some authors
(e.g. [31]). Specifically, in the undeformed case, the “co-
variant” measure is given by

dµ(p) =
d3p

(2π)32Ep

. (7)

Since we are only interested in evaluating the two-point
functions of the theory, we consider the action of a(p)
and a†(p) only on the vacuum state. As usual the vac-
uum |0⟩ is defined from a(p)|0⟩ = 0. One particle states
are given by |p⟩ = a†(p)|0⟩. Our fundamental postu-
late is that these one-particle states satisfy the following
orthogonality relation

⟨p′|p⟩ = δµ(p− p
′) (8)

to accommodate the modified measure in momentum
space, with the Dirac delta δµ such that:

!

dµ δµ(p) = 1. (9)

Notice that this agrees with the usual expression of the
commutator for creation and annihilation operator when
evaluated on the vacuum

[a(p), a†(p′)] = δµ(p− p
′) . (10)

In the undeformed case

δµ(p) = (2π)32Ep δ
(3)(p) (11)

where δ(3)(p) is the standard delta function in three di-
mensions, so that the commutator (10) for the creation
and annihilation operators reads in ordinary QFT:

[a(p), a†(p′)] = (2π)32Ep δ
(3)(p− p

′) . (12)

As we shall see, using this convention the commuta-
tion relations remain simple when used in theories with
MDRs, both for LIV and DSR models. In the LIV case
we could have simply postulated (10) (acting on a gen-
eral state); however for DSR it is essential that (10) is
only applied on the vacuum to circumvent well-known
problems in the multiparticle sector of the theory (see,
e.g. [32, 33]). A somewhat different approach, with obvi-
ous connections to ours, can be found in [34, 35].

B. Position space commutators and inner product

Since we have started from a modified measure in mo-
mentum space (and given that our ultimate goal is to
compute the power spectrum of vacuum fluctuations), it
made more sense to define the QFT from (10), i.e. in
terms of the momentum space commutators. We can,
however, investigate the implications for the more con-
ventional starting point of QFT: the position space equal
time commutation relations. We can also consider the
status of the inner product in field space. In this sub-
section we show that with simple definitions for the dual
measure and delta function in position space the proce-
dure can be self-consistently closed. However, we stress
that this construction is not needed for the main result of
this paper: the power spectrum of vacuum fluctuations.
Specifically, using (10) and (6) it is easy to show that:

[φ(x, 0), φ̇(y, 0)] = i

!

dµ(p) 2Epe
ip·(x−y). (13)

(We note that we keep the original coordinates in x and p

in our transform, so that the phase here is always dimen-
sionless.) This suggests defining a dual delta function in
position space from:

δµx
(x) =

!

dµ(p) 2Epe
ip·x, (14)

so that:

[φ(x, 0), φ̇(y, 0)] = iδµx
(x− y). (15)

With this modified delta function we comply with the
usual starting point of canonical quantization.
Given such a delta function, the position space dual

measure dµx(x) can be inferred from the requirement:
!

dµx(x) δµx
(x) = 1. (16)

For the standard theory it is easy to show that δµ(x) =
δ(3)(x), and so the dual measure is simply the usual posi-
tion space measure d3x. However this is not the case for
other theories. As we shall see, not only do these defini-
tions lead to a self-consistent closure of the quantization
procedure, but when we examine their implications for
theories representing UV dimensional reduction, we will
find that the position space measure has the same Haus-
dorff dimension in the UV as momentum space. This
result is far from trivial.
It is also interesting that this dual measure can be

used to set up an inner product fully consistent with
Section IIA. (We again note that we keep the original
coordinates in x and p in our transform, so that some of
the subtleties pointed out in [36, 37] are not applicable
to our construction.) Let

(φ,ψ) =

!

dµx(x)φ
⋆i
←→
∂ 0ψ . (17)
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other theories. As we shall see, not only do these defini-
tions lead to a self-consistent closure of the quantization
procedure, but when we examine their implications for
theories representing UV dimensional reduction, we will
find that the position space measure has the same Haus-
dorff dimension in the UV as momentum space. This
result is far from trivial.
It is also interesting that this dual measure can be

used to set up an inner product fully consistent with
Section IIA. (We again note that we keep the original
coordinates in x and p in our transform, so that some of
the subtleties pointed out in [36, 37] are not applicable
to our construction.) Let

(φ,ψ) =

!

dµx(x)φ
⋆i
←→
∂ 0ψ . (17)

the quantisation procedure is consistent with equal time commutation relations: 

from which one can define a spacetime delta 
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theories that can be fitted into our scheme the spectral
index and the momentum space Hausdorff dimension are
related by:

nS = dH − 1. (125)

Moreover, as already noted for LIV theories (and dis-
cussed in more generality in the next subsection), the
dual position space defined in Section II B and momen-
tum space share the same dimensionality. This does not
depend on the details of the theory, for example any
HL type theory with γt and γx leading to the same dH
produces the same nS . It also applies to DSR theories
regardless of their subtleties in the multiparticle sector,
since we only need to evaluate the commutator (10) as
applied on the vacuum, as explained before.
Vacuum fluctuations are always observable in princi-

ple. They could also already have been seen in the sky as
a relic from the dimensionally reduced phase. The latter
statement is stronger, and relies on a complex “trans-
fer function”, dependent on the theory of gravity and
how the modes end up outside the horizon at the end
of this primordial phase. The dependence on these de-
tails is probably weaker if the primordial phase is two-
dimensional (as discussed in the conclusions). Regardless
of this practical matter, the point remains that in princi-
ple such a “quantum vacuum dimension” could provide
an experimentally operational definition of the dimen-
sionality of spacetime.

B. The dimension of the position space dual
measure

In Section II B we proposed a dual measure in posi-
tion space based on the principles of canonical quanti-
zation. We have already considered its implications for
LIV theories in Section IV but have deferred until now a
general appraisal of the matter, including theories with-
out a preferred frame. In fact the argument following
(72) presented for LIV theories still applies formally to
all theories without a preferred frame. From (14) we still
have

δµx
(x) ∝

!

dp pDp−1EDE−1
p eip·x, (126)

withDE+Dp = dH as given by (94) for non-local Lorentz
invariant theories, withDE = Dp = D for DSR, and with
DE + Dp = dH as given by (118) for DSR with γ ̸= 0.
Just as in the LIV case, when Ep ≈ p, the expression
(126) becomes

δµx
(x) ∝

!

d(cos θ) dp pdH−2eip·x, (127)

and using the derivation resulting in (23) we have for all
the cases under consideration (with LIV or not):

δµx
(x) ∝ δdH−1(x). (128)

Therefore the dual measure has 1 time dimension and
dH −1 spatial dimensions, making up the same dH as for
energy-momentum space. For example for de Sitter-DSR
with D = 3, energy-momentum space is 6 dimensional in
the UV limit, whereas space is 5 dimensional and space-
time is 6 dimensional, the same as energy-momentum
space.
The matching of the dimensions of spacetime and

energy-momentum is even more remarkable considering
that only the total dimensionality of energy-momentum
space, dH , is always well defined (in general one can not
assign separate dimensions to energy and spatial momen-
tum; e.g. DSR with γ ̸= 0). In the spacetime picture
we have that time and space can be separated, but only
the space dimensionality is modified in the UV. There-
fore there can never be a direct correspondence between
the dimensions of energy and time, and between those of
space and momentum. Yet, the numbers conjure to re-
sult in the same dimensionality for spacetime and energy-
momentum space.

VII. CONCLUSIONS: GENERAL CRITERIA
FOR SCALE-INVARIANCE

In this paper we set up a quantization framework for
a large class of theories with deformed dispersion rela-
tions, with and without preferred frames. We applied
this procedure to the evaluation of the power spectrum
of quantum vacuum fluctuations, and derived the follow-
ing general results:

• The “covariant” power spectrum of the vacuum
fluctuations is universally P (p) = 1. However, the
conventional power spectrum P (p) is model depen-
dent.

• The condition for the fluctuations to be scale-
invariant is that the energy-momentum space
should have Hausdorff dimension dH = 2 in the
frame where the dispersion relations are linearized.

• More generally we have that the spectral index
is related to the Hausdorff dimension of energy-
momentum space as nS = dH − 1 for all theories.

Thus, we succeeded in relating the phenomenon of dimen-
sional reduction to 2 in the UV, so ubiquitous in quantum
gravity, and a zeroth order benchmark in cosmological
perturbation theory: scale-invariance. The amplitude of
the fluctuations can also be tuned to match the observed
value by introducing a hierarchy between the Planck scale
LP and the energy scale triggering the UV dimensional
reduction (as explained at the end of Section III B).
These conclusions were drawn in flat space, but remain

true for inside the horizon modes in an expanding uni-
verse. In the absence of a theory of gravity associated
with the large class of theories with MDRs considered
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